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                      ABSTRACT 
     This dissertation treats analytically dynamics of a spin stabilized space-
craft having flexible appendages. The spacecraft is modeled as a central rigid 
body having attached to it flexible appendages lying in a plane which contains 
the center of mass and is normal to the spin axis. 
1. The attitude stability of the spacecraft in a force free environment is 
investigated using the Liapunov direct method. The total energy of the system, 
constrained through the angular  momentum integral, is used as a Liapunov 
function. The approach to the stability problem is based on the functional 
analysis. Necessary and sufficient conditions for the stability of the attitude 
motion are established for this spacecraft model. Sufficient conditions are also 
obtained in simple forms. 
2. On the basis of linearized equations of motion, the attitude behavior of this 
class of spacecraft in a force free environment is investigated using an analytical 
method which utilizes the method of averaging. The damping ratio and the 
frequency of nutational body motions are obtained. Attitude stability criteria are 
also deduced from the sign properties of the damping ratio. These results are 
compared with numerical solutions. 
3. Analysis is made of a heavy damping of nutational body motions of this class 
of spacecraft due to a certain nonlinear internal resonance between vibrations of 
the appendages and nutational body motions. The method of averaging is used to 
derive an analytical expression for the damping of nutational body motions. The 
accuracy of this expression is confirmed by digital computer simulations . 
4. It is shown that -this class of spacecraft may exhibit a steady nutational
body  motion}  induced by solar heating: Thermally induced vibrations of the 
appendages cause a periodic variation of the moments of inertia of the space-
craft and this in turn, through the parametric excitation, produce a self-
excitation of nutational body motions. The amplitude of the nutational body 
motion is determined by means of the method of averaging and the stability 
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                      CHAPTER I 
                     INTRODUCTION
1.1 Scope 
     The motion of a spacecraft can be described in many cases by the trans-
lational motion of the mass center and the rotational motion of a spacecraft about 
its center of mass. The latter motion is refered to as the attitude motion and 
forms the object of our interest. 
     Because of functional requirements, a spacecraft is required to maintain 
specified orientations with respect to an inertia space. The spacecraft attitude may 
be controlled by active or passive means. For spacecraft missions of long 
duration, the use of passive techniques appears attractive, especially when pointing 
accuracy requirements are not stringent. One simple means of maintaining the 
spacecraft attitude in space is to provide a spin about the axis which is to be 
controlled (Spin Stabilization). This dissertation will focus attention upon the 
motions of spin stabilized spacecrafts. 
     A space flight involves two distinct and radically different dynamic environ-
ments : A brief interval of vigorous accelerations and vibrations during boost, 
followed by prolonged functioning in a quiescent mode under extremely small 
loads and accelerations, characterizes every spacecraft flight. In order to cir-
cumvent the dilemma this poses, spacecraft designers have usually adopted 
lightweight (and extremely flexible) deployable appendages. The resulting vehicle 
is relatively compact and rigid during the launch phase of its history, and after 
boost termination, the appendages emerge from the rigid core until the structure 
undergoes complete metamorphosis. Although the design of large flexible  space-
                                       -1—
craft structures can be made quite adequate in terms of structural loads for the 
nominal in-orbit environment, it is possible that the compliance of such limber 
structures can interact unfavorably with the spacecraft attitude motion. Hence, 
an analysis of the effect of flexible appendages on the attitude motion of the 
spacecraft becomes an important subject in the study of the dynamics of space-
craft. The effect of flexible appendages on the attitude motion of a spin stabi-
lized spacecraft will form the central theme of the present dissertation. 
     The influence of flexible appendages on the attitude motion of a spin 
stabilized spacecraft was first observed in the Explorer I. The Explorer I was 
to be passively spin stabilized about an axis of minimum moment of inertia. 
After only one orbit, however, the spacecraft exhibited a nutational body motion. 
Within a few days, the spacecraft achieved a steady spinning motion about an 
axis of maximum moment of inertia. In an attempt to explain the nutational 
body motion of the Explorer  I  , Bracewell and Garriot( l ) and Thomson and 
Reiter (2) have investigated the effect of the energy dissipation resulting from 
vibrations of certain elastic parts of a spacecraft. In these investigations, a simple 
approximation technique has been employed : It is to assume that the moments 
of inertia of a spacecraft do not vary significantly and the angular momentum 
of the relative motion within a spacecraft is negligible compared to the rigid 
body motion. Then, the relative motion is idealized as a slow removal of energy 
(energy sink) and the rate of the energy dissipation can be related to the change 
in the attitude motion of the spacecraft. With this relationship, an estimate of 
a nutational body motion of the spacecraft is easily obtained. Stability conditions 
of the attitude motion are also obtained from the sign properties of the damping 
-2-
ratio for the nutational body motion. Bracewell and  Garriot(1)and Thomson and Reiter(2), 
using this technique, have shown that with a small amount of energy disipation 
a freely spinning body is stable only about an axis of maximum moment of 
inertia (the maximum inertia axis criterion). Since then, because of its simplicity; 
this approximation technique, known as the energy sink method or the "quasi 
rigid body model", has been widely used as an analytical tool for qualitative 
determination of the influence of energy dissipation on the attitude motion of a 
spin stabilized spacecraft. 
     As long as a spacecraft is relatively rigid, the results obtained from the 
energy sink method are valid. Modern spacecrafts are, however, far from rigid : 
Current designs of spacecraft employ large, highly flexible appendages as antennas 
or solar arrays to meet increasingly demanding missions. The presence of large 
flexible appendages on a spacecraft necessitates re-examining the basic character-
istics of the dynamics of the spacecraft. There are three important subjects in 
the study of the dynamics of a spin stabilized spacecraft having flexible appendages 
of dynamically significant importance; 
(1) To establish stability conditions of the attitude motion of this class 
of spacecraft. 
(2) To develop a mathematical procedure for qualitative determination of the 
influence of elastic vibrations of the appendages on the attitude motion of 
this class of spacecraft. 
(3) To predict the anomalous behavior of this class of spacecraft due to 
dynamic interactions of the flexible appendages with the environments and with 
the attitude motion of the spacecraft. 
     There is some information in the literature on the attitude stability of 
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a freely spinning spacecraft having flexible appendages. Buckens  (6'7)has in-
vestigated the effect of flexible appendages on the stability of motion of a 
freely spinning spacecraft by analytical means and given thresholds of instability 
regions by the values of spin velocities for which nutational frequency as 
measured in the spacecraft first becomes zero. His works, while being the earliest 
attempt to derive the stability criteria for this class of spacecraft, are heuristic 
and preliminary in character because of the absence of mathematical rigor. 
Meirovitch and Nelson (8) have presented an analysis of a freely spinning space-
craft with flexible antennas extending along the spin axis. The quality of the 
spinning motion was investigated for various values of the system parameters by 
means of digital computer eigenvalue analysis; it was concluded that the attitude 
stability of this class of spacecraft depends on the magnitude of the ratio of the 
natural frequency of the antennas to the spin velocity. Vigneron (9) has studied 
the dynamics of a spin stabilized spacecraft with long crossed dispoles and derived 
necessary and sufficient conditions for stability of the spin axis orientation with 
the aid of a digital computer using Routh's rules. The results have been expressed 
in the form of a parameter chart. Recently, Pringle(10'11'12) has discussed the 
stability of damped mechanical systems by using the Liapunov direct method and 
shown that the Hamiltonian of the system is a very useful testing function for 
asymptotic stability and instability. Since then, the Liapunov direct method has 
been widely used to analyze the stability of a freely spinning spacecraft having 
flexible appendages and the Hamiltonian of the system has been used as a 
Liapunov function. These analyses have yielded closed form conditions for 
stability of the attitude motion for restricted spacecraft models. Meirovitch(13) 
and Meirovitch and Calico(14) have delt with a freely spinning spacecraft 
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having flexible appendages directed along the spin axis and obtained  sufficient- 
.,onditions for stability. Hughes and Fung (15) have provided sufficient con-
ditions for stability for a spinning spacecraft having flexible appendages normal 
to the spin axis rotating freely in space. However, the Hamiltonian, employed 
in the analysis, did not take into account the existence of the angular momentum 
integral. Taking into consideration the angular momentum integral, Barbera and 
Likins (16) have delt with essentially the same system studied by Hughes and Fung (15) 
and obtained the necessary and sufficient conditions for stability of the attitude 
motion for this class of spacecraft. The advantage of the Liapunov direct method 
is shown by the fact that it permits the derivation of closed form stability 
criteria. However, the approaches used in the analyses involve certain discretization 
procedures, so that the question remains as to the effect of the discretization 
processes on the results. Hence, it is highly desirable to develop a new approach 
which avoids a discretization process and permits a more rigorous analysis. 
     There has been very little attention given to the second subject of the 
study. Until recently, no attempts have been made to extend the energy sink 
method to a spinning spacecraft having large flexible appendages : There has 
existed no analytical approach which can be suitably used in the treatment of 
the attitude motion of this class of spacecraft. Hence, it becomes important and 
desirable to develop a new analytical method which will be sufficiently accurate 
to provide the influence of elastic vibrations of the appendages on the attitude 
motion of this class of spacecraft. 
     For a spacecraft with large flexible components, it is possible that these 
flexible components interact unfavorably with the attitude motion of the space-
craft. Recent flight experience has shown much anomalous behavior due to corn-
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plex interactions of flexible appendages with the attitude motion of the space-
craft (17) For example, the Alouette I, II and the Explorer XX exhibited rapid 
spin decays due to solar radiation pressure on flexible appendages deformed by 
solar heating. The OGO IV began to oscillate after deployment of long flexible 
appendages. This phenomenon has been explained as the consequence of inter-
actions between thermally induced vibrations of the appendages and attitude 
motions of the spacecraft. Several investigations on the flight anomalies of 
spinning flexible spacecrafts have been described in the literature. In an attempt 
to explain the spin decay phenomena of the Allouette I, II and the Explorer 
XX, Etkin and Hughes (18) have investigated the despin mechanism of a spinning 
spacecraft with flexible appendages due to the action of solar radiation. Vigneron 
and Boresi (19) have presented the analysis of the long term spin decay caused 
by the structural damping combined with the gravity field. The attitude dynamics 
of a spinning spacecraft during extension of flexible apepndages has been studied 
analytically and numerically by Canadian scientists.(20,21,22) On the other hand, 
Pringle(23) has discussed the dynamics of a spacecraft composed of a pair of 
point masses connected by a spring (Dumbbell Satellite) and demonstrated that 
this class of spacecraft can exhibit a heavy damping of attitude motions due to 
a certain nonlinear internal resonance. Others who have considered the anomalous 
behavior of a gravity gradient dumbbell satellite are Austin(24), Tai and Loh(25) 
Chobotov (26) and Crist and Eisley (27) , but their works are somewhat peripheral 
to the subject at hand. In an attempt to explain the oscillation of the OGO IV, 
thermally induced vibrations of appendages has been studies by a number of 
authors  (28,29,30) , but the works have been restricted only to appendage motions 
and not concerned with the attitude motipn of the spacecraft. Dynamic behavior 
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of a spacecraft having flexible appendages is usually considered during the design 
of a spacecraft structure and the possibility of severe interactions of flexible 
appendages with the attitude motion of the spcaecraft is usually considered. Less 
severe interactions may go undetected, however, but may still be of such magnitude 
as to result in a possible failure of the spacecraft to complete all or part of its 
mission. From experience gained in the past, it is clear that such interactions 
usually result from a lack of knowledge about the mechanism causing the inter-
actions. Special emphasis should, therefore, be placed on investigating possible 
 interactions of flexible appendages with the attitude motion of the spacecraft 
in sufficient depth and detail. 
1.2 Contributions 
     This dissertation is devoted to analytical studies of the dynamics of a spin 
stabilized spacecraft having flexible appendages. The spacecraft is conceived as a 
central rigid body having attached to it flexible appendages lying in a plane which 
contains the center of mass and is normal to the spin axis. The major subjects 
of this study _ are : 
(1) To establish necessary and sufficient conditions for stability of the attitude 
motion for this class of spacecraft in a force free environment. 
(2) To develop an analytical method which is suitable for exploring the basic 
characteristics of the dynamics of this class of spacecraft. 
(3) To predict the anomalous behavior of this class of spacecraft which is 
attributable to the dynamic interactions of the flexible appendages with the en-
vironments and with the attitude motions of the spacecraft. 
     Chapter Il deals with the attitude stability of this class of spacecraft in 
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a force free environment on the basis of the Liapunov direct method. The total 
energy of the system, which is constrained through the angular momentum 
integral, is used as a Liapunov function. The approach to the stability problem is 
based on the functional analysis : The restricted total energy of the system is 
described in terms of the angular velocity of the spacecraft and elastic displace-
ment of the appendages. Stability of the motion is determined from the sign pro-
perties of a certain functional depending on elastic displacements of the appendages 
alone. This approach permits a rigorous analysis which avoids the questions as to 
the effect of discretization processes on the results. Necessary and sufficient con-
ditions for the stability of the attitude motion for this spacecraft model are 
established and sufficient conditions are also obtained in simple forms. 
     Chapter III is concerned with the development  of an analytical procedure 
which is suitable for exploring the dynamic characteristics of this class of space-
craft. First, linearized equations of motion for a freely spinning spacecraft with 
flexible appendages are formulated. The hybrid coordinate method in conjunction 
with series truncation is employed : Motions are described in terms of the angular 
velocity of the spacecraft and modal deformation coordinates of the appendages. 
Then, the equations are solved by an analytical method which utilizes the method 
of averaging, and closed form approximate solutions are obtained. The damping 
ratio and the frequency of nutational body motions are derived from the solutions. 
Attitude stability criteria are also obtained from examination of the sign properties 
of the damping ratio. 
     The last two chapters are concerned with the analytical studies of the 
anomalous behavior of this class of spacecraft which is attributable to the dynamic 
interactions of the flexible appendages with the attitude motions of the spacecraft 
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and with the enviornments. The method of  averaging is used as an analytical tool. 
     Chapter IV deals with the heavy damping characteristics of nutationalbody 
motions due to a certain nonlinear internal resonance : When the natural frequen-
cies of the appendages are nearly equal to twice the nutational frequency, a large 
energy transfer takes place between vibrations of the appendages and nutational 
body motions and the disipation of energy derived from it results in a heavy 
damping of nutational body motions. An analytical expression for the damping of 
nutational body motions is obtained. 
     Chapter V demonstrates the thermally induced nutational body motions 
of a spinning spacecraft with flexible appendages : When this class of spacecraft is 
exposed to solar radiation, thermally induced vibrations of the appendages occur 
at a spin frequency, which causes a periodic variation of the moments of inertia 
at that frequency and this in turn, through the parametric excitation, produces a 
self-excitation of nutational body motions. The amplitude of the nutational body 
motion is determined analytically and stability of the motion is examined in 
detail. 
     An appendix is annexed to this dissertation. The appendix presents the 
kinetic energy and angular momentum expressions of a spacecraft having flexible appen 
appendages.
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                      CHAPTER II 
         LIAPUNOV STABILITY ANALYSIS OF A FLEELY 
      SPINNING SPACECRAFT HAVING FLEXIBLE APPENDAGES 
2.1 Introduction 
     Knowledge of the attitude stability of a spacecraft is of fundamental im-
portance in the basic design of a spacecraft structure. It is well known that the 
rotational motion of a torque free rigid body is stable if the rotation takes place 
about an axis corresponding to either  maximum or minimum moments of inertia 
but the motion is unstable if the rotation takes place about an axis of intermediate 
moment of inertia. In general, however, spacecrafts are not entirely rigid and the 
question remains as to what extent the rigid body idealization can be utilized in 
analyzing a nonrigid spacecraft. 
      On the influence of vehicle nonrigidity on the spacecraft attitude stability, 
there is much information in the literature, but for the most part, it has treated 
the special case of a quasirigid body model: The attitude motion of a spacecraft 
has been discussed, on the assumption that the relative motion within the space-
craft is considered to remove mechanical energy without being coupled with the 
motion of the spacecraft. The attitude stability of a freely spinning spacecraft with 
flexible appendages of immediate dynamic significance has received considerable 
attention in recent years (7-16) The Liapunov direct method in particular has 
been successfully applied to the stability problem of this class of spacecraft. (13-16) 
The Hamiltonian of the system has been used as a Liapunov function. These 
analyses have yielded closed form stability criteria. However, the approaches used 
involve certain discretization procedures, so that the uncertainty 
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remains concerning the effect of the discretization procedures on the results 
obtained. 
     The purpose of this chapter is to generate necessary and sufficient con-
ditions for the attitude stability of a freely spinning spacecraft having flexible 
appendages on the basis of the Liapunov direct method. The total energy of 
the system, constrained through the angular momentum integral, is used as a 
Liapunov function. The approach to the stability problem is based on the 
functional analysis : The restricted total energy of the system is described in 
terms of the angular velocity of the spacecraft and elastic displacements of the 
appendages. The stability for the motion is determined from the sign properties 
of a certain functional depending on elastic displacements of the appendages 
alone. This approach permits a rigorous analysis which avoids the questions as to 
the effect of discretization processes on the results. The spacecraft is modelded 
as a rigid body having attached to it long flexible appendages lying in a plane 
which contains the center of mass and is normal to the spin axis (Fig. 2.1) 
     Necessary and sufficient conditions for the stability of the attitude motion 
are determined for this spacecraft model in a force free environment. Furthermore, 
sufficient conditions are also obtained in simple forms. 
2.2 Definitions and Basic Theorems 
      We, here, give certain statements about a freely rotating system and 
theorems on the stability of the system. The system is idealized as a main body 
with holonomically constrained moving parts. The constraints do not contain the 
time t. In this section, to simplify the results, we shall assume that the ap-
pendages are idealized as -interconnected particles; all the formulae can be at once 
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generalized to the case of distributed ones. (33) 
     In the construction of the equations of motion of such mechanical systems, 
it is effective to use the angular velocity of the main body and generalized 
coordinates for the moving parts. The Lagrange equations of motion of the system 
are written in terms of these variables as follows  :  (32) 
          dt(aw)+W2(aW>—W3(a>=o 
    132 
       dt(aw )+W3(aWaw)—W1()_0(2.1) 
     213' 
         ,aT)+w1(aW)—W2(aaW)=o 
32 
          dt(aq.)—(aqQi (i=1, .....,N) 
       11 
where T is the kinetic energy of the system, L the Lagrangian of the system, co , 
CO the angular velocity components about the orthonormal axes X , X , X 
2 31 2 3' 
respectively (the axes X
1, X2, X3are fixed in the main body.), qi the generalized 
coordinates for the moving parts, Qi the generalized forces. The Lagranigian L is 
defined by 
L = T — U 
where U is the potential energy of the system. The generalized forces Qi are de-
fined in terms of any nonconservative applied forces. One possible motion for the 
system is that in which the spin axis remains inertially at rest and the moving 
parts assume equilibrium positions. By a proper selection of the coordinates, this 
motion corresponds to the solution 
           W1= 0,W2= 0, 
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          w3=  wo (a constant), qi = 0 (1=1, .....,N)J(2.2) 
      Since we consider the system in which the constraints do not involve the 
time t, the total energy H of the system is given by (32) 
H= 3w•aT+•aL— L.(2.3) 
                     i 1=1awli=1 3qi 
It is important to calculate the time derivative of the total energy H of the 
system. This may be shown to be (by the use of Eqs. (2.1)) 
         dH N 
    dt= Qi qi •(2.4) 
The term E Q.q.is the power into the system by the generalized forces Q.. 
i=11 
Hence, it follows that H decreases monotonically with time for the system in 
which the power is negative. Such reductions in H are usually associated with 
the energy dissipation in a physical system. When it can be established that the 
total energy is strictly diminishing with time for any motion in the neighbor-
hood of the nominal motion to be examined for stability, then this function 
becomes extremely valuable in the stability analysis by the Liapunov direct method. 
A notion which is useful in investigation of the behavior of the total energy H 
is that of "pervasive damping". (34) 
     Definition : A mechanical system with a pervasive damping is one in 
which the power is strictly negative for any path which is neighboring but not 
identical to the path corresponding to the nominal motion. 
     The system considered here is free of externalforces, so that the three torque 
components about the mass center of the system are zero. It follows that the 
angular momentum vector L (w
1,w2, w3,4.,qi) about the mass center is con- 
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served : It represents a motion integral. Let it be expressed as follows  : 
      2 3 2 
 Q =
iE1Li (coco,2,3, qi,qi)(2.5) 
Where Q is the magnitude of the angular momentum vector of the system, Li the 
angular momentum components along the X1 axes. Equation (2.5) can be used to 
eliminate one of the angular velocity components : Solving for w3 from Eq. (2.5) 
and substituting into •Eq. (2.3), we get 
2 
       H = H(w,w 2,gi,gi;Q).(2.6) 
Then, the nominal motion (2.2) becomes the origin of the phase space formed 
by w, , 0)2,  4i, qi with a phase vector x = (w  , w 2, gi, qi ) describing the departure 
from the nominal motion. Without loss of generality, it can be assumed that the 
function H vanishes at the origin of the phase space. 
     The word "stable", when applied in the astrospace field to freely 
spinning vehicles, is to mean that a vehicle initially freely rotating with any axis 
fixed in the main body will return to that state if subjected to any sufficiently 
small perturbation. Without losing this sense of the word, we adopt a set of more 
precise analytical definitions. 
     Definition : If for any e > 0, there exists S > 0 such that the initial 
perturbation restriction I xo I < S implies, for all t > to , I x (t; to , o) I < e , the 
solution (2.2) is Liapunov stable. 
     Definition : If the solution (2.2) is Liapunov stable and furthermore the 
limit of x vanishes as the time t approaches infinity, the solution (2.2) is 
asymptotically stable. 
      Definition : The term "unstable" means not Liapunov stable. 
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      In application of the Liapunov direct method to freely rotating systems, 
we can make use of the total energy H  (x ) of the system, constrained through 
the angular momentum integral, as a Liapunov function. Then the following 
theorem can be stated :(10,12) 
      Theorem : A freely rotating system with a pervasive damping is asymp-
totically stable if H (x ) is a positive definite function of x , and 2) unstable if 
H (x ) can take on negative values for x arbitrarily close to x = 0. 
     Part 1 of the theorem is proved using the asymptotic stability theorem in 
Ref. 35, P. 37 with H (x) as a Liapunov function. Part 2 is proved using the 
first instability theorem in Ref. 35, P. 38 with H (x ) as a testing function. The 
important quality of this theorem is the fact that it offers conditions both neces-
sary and sufficient for the asymptotic stability for a freely rotating system with a 
pervasive damping. The usual limitation on the application of the Liapunov direct 
method is that the stability theorem provides only sufficient conditions. 
2.3 Energy and Angular momentum expressions 
      Let us consider a spinning spacecraft composed of a central rigid body B 
and long flexible appendages Ai as shown in Fig. 2.1. 
The appendages lie in a plane containing the mass center and is normal to the 
spin axis, when the vehicle is steadily spinning. It is assumed that the appendages 
are built in at the bases, free at the upper ends : No displacement is possible, 
and moreover no bending is possible at the bases. 
A set of body axes X , X and X (unit vectors are b , b and b ) are fixed 
      1 2 31 2 -3 
along the principal axes of the system in the nominally undeformed configuration. 
The X
3axis coincides with the spin axis. For an appendage i, a set of axes 
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Tai, and ti (unit vectors are a
il, 4.2and 4i3) is defined so that the 
incides with the apepndage i in the undeformed state and the  ti axis 
with the spin axis. The axes X
1 and  make an angle yi . The two 
are related by the direction cosine matrix Ci, i.e., the column arrays 
[b ] =[bl,b2, b31T and [ai]_ [al,a2,ai3]T are related by
[a]  -i 
Ci =
 =  C [b] 
Cyi Syi 0 
Cyi 0 
0 0 1 
At T denotes the 
sin yi . 
 mass center of 
m the vehicle is 
t 0. Let us deno 
ion of a typical 
 0 is denoted b: 
the point Qi by
axis co-
coincides 
sets of axes 
of vectors
(2.7)
where the superscrip transpose of a matrix or a vector array and 
 Cyi = cos yi, Syi = i i
     Let P be the the total configuration and let 0 be co-
incident with P when undeformed (Fig. 2.1). Vector c is the vector 
from P to the point te i a vector from 0 to an element of mass 
dm in B. The posit point Qi in an undeformed appendage i 
relative to the point i y a vector ri and an elastic deformation of 
the appendage i at i i  wi 
     The system kinetic energy T is given by 
N Qi           2T =1B(c +p)•(c+P)dm+E pi) (C+ri+i) - 
                         i=o 
(C+ + Wi) dsi(2.8) 
wherejB dm denotes hat he integration is carried out over the body B, pi 
and dsi the mass per unit length and the arc length along an appendage i, 
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respectively,  .Qi the length of an appendage i. The dot over a vector denotes the 
time differentiation of that vector with respect to an inertia frame. 
     The mass center definition requires that 
                           Q 
            (c+p)dm+µiJ1(c+ri+wi)ds=0.(2.9) 
gi=1 0 
Hence, 
                                               Q, 
Mc = — [f P dm + E µif1(ri+ w) dsil(2.9) 
                        i=10 
where M is the total mass of the vehicle. From the definition of the point 0, 
it follows that 
fQi p dm + E µi ridsi=0(2.10) 
Bi= 1 0 
so that Eq. (2.9) reduces to 
N Qi 
     Mc = — E pi / wi dsi(2.9) 
                  i=1 0 
     Now, denote by w the inertia angular velocity vector of the vector basis 
[b ] . Then, the inertia space time derivative a ( a is any vector) is given by 
a= a+ w x a(2.11) 
where a implies the time differentiation of the vector a with respect to the vector 
basis [b).. Using Eqs. (2.9) and (2.11), Eq. (2.8) reduces to 
          1 NQ.           2T = — M[tE1piI1Widsi•lE1pi /Widsi 
   0 N Qi N Qi                     + 2 lE1pi/Widsi• (cox .Z1µi/wi dsi )
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Let the vectors 
 w=  [b]T
N 
+(wx 
        i=1 
+f (wxP) • 
B N 
+ E p; 
  i=10
w w
where w and w are deflections 
    i2 i3 
spin axis, respectively. We shall 
undergo only small bending 
considered to be small. More 




co = [b] T
 and ri be writti 
w=[ai]T. 
co 
  2 
w 
  3 
      in, and 
La l re consider 
deformations. 





fQiN52.piwidsi)•(wxEpij widsi) 1—i=10  
0 
(co xp) dm 
1 ~Wi•Wi +2.• [wx(wi+r;) ] 
 +[wx(w;+)]••[wx(wi+ )]}dsi. 




perpendicular to a plane 
i the case where the appendages 
Hence, the quantities w and w 
i2 
suppose that the variation of CO 
inal value con is given by
1andCO2are small, and the relative changes in 
value w0 is also small. Substituting Eqs. (2.13) 
terms up to the second order, we find 
    2T = Ico                 2w2+Ico'2 
























 --1                  iElµiJQ1(Qi2—~i2) [ (aw2aw22                                      i2)+ (i3[ w 3d~i  °ak_
i a~i 
       N Qi 2 2              + E µi jr [ W+W +2(Sy..Ww—Cy.-.ww 
i=1°i2 i311i3l11i3 2 
          (2 2                 +-iw
2w3) — 2 (Cyi'iwi3w3wl+Sy..wi3w3w2) +wi2w3 ldsi 
       •
Q.Q.             1E µl'SyIWd~1 )µ                                    2+(NlfC'I
`Wd~ .
l )2        - M{(i=1i2i=1°i2 
                                        Q. 
+ (                   Nµl!1W dr. )z 
i=10i3 
       NQiNQi              + 2[( E µi ( Syiw d~'i)(E µifCyii _ d~i) 
           i=1/°i2i=1°12 
N QiNQi — ( E pi fCyiwdpi ) ( E µilSyiw d~i) ]co                                                               3 i=1           0i2 1=1°i2 
       N Qi2N Qi 2 z~ 
                                     dr              +[( E µ.5 Sy.w.) + ( E µ•1 Cyiwd~"•1) ]w                                                                                            3 i=11°1i21i=1°i2 
where I 1, I2,,I3, are the moments of inertia of the system in the undeflected 
state about X
I, Xz,X3axes, respectively : 
                N               Qi 2 2 Ni 3 2 
         I = + . 1pi f S yi~"id~'i= I + E—µiQi S yi B1 i=1 °B1 i=1 3 
         N Qi 2 2N 1 3 2 1 = I + E µi f C yi'i ai = I + E — µiQi Cyi 
      2 B2 i=1 
0B2 i=1 3 
N Qi 2N 1 3            I =I + E µif.'idgi= I + E — µiQ. 
3 B3 i=1
°B3 i=13i 
where I , I , I are the moments of inertia of the rigid body B about X 1 , B1 B2 B3 
X
2, X3axes, respectively. In this analysis, external forces are ignored. Hence, it 




strain energy of the appendages. The elastic strain energy of the 
denoted by U, is, in the same approximation, given by 
        22 
         N Q;   wa z a w z 2U = E B;f[(  i2)+( i3))d~l 
i=1022 
a~ a~; 
where Bi is the bending stiffness of an appendage i. 
      Next, let us derive the system angular momentum expression. 
system angular momentum L is given by 
                                     Q          L= (c+P)x(c+•P)dm+µi l'(c+;;) _
i=10 
x(c+r;+wds;. 
From the mass center definition, Eq. (2.9), and formula (2.11), Eq. 
reduces to 
    1 N QiN Q.          L=—[ ( E µifw 'dsi) x (Eµi f w•ds.') M 1=1i=10— 
N QiN Q. 
+ (w x
11µ;wads;) x (E1µ;w;ds; ) ) 
o 
                                                                Q•              + f Px(wxP)dm+Eµif' {(w.+r.)x'. 
i=1 
0 
               +w.x[wx(w.+r.))+r.x[wx(w.+r;)]}ds. 
Using the expressions (2.13) and Eq . (2.7), we can express L in the 
form as 
N Q.N Qi 
L = II CO  + lEµi Syjiw3d~;—lElµiJI Cyi -ice,, 
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Using the definition (2.3) and Eqs. (2.15), (2.17), the total energy H of
the system is written in the form
2H=I
 2 2 2 NQi 2 
w +I w +I w + E µw 




+ 2 (Sy.~1w w 
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— Cyi
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+~iw w ) 
    i2 3
1 2 2 aw2 
+-
2(Q•— ) [(_i2) 11
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i= 1 I Syiw i2
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=21 —
                                                   Q. 
                        Eµl!1i d~l)z  +  ( 
 i=10i3 
         NQi N Qi                  +2[( E pi JSyiwdpi) (E µi/On*4i)i=10i2i=10i2 
— (ENQiN Qi                  µ .Cyw..µ/ 
i= 1l0'i2d~') (iE=1iSyiw2dgi) 10,3   
                                                                            0 
          N Idr              (Qi2 NQ.2 2                + E ( E µ
iJSyiw.) + ( E µiJCyiwad]w3i=1i=1
0i2i=10i2 
          22 
N QiaW2 a w 2                  + E BiJ[(22) +(-----------i3) ]dpi. (2.21) 
               1=1o a -
ia~,2 
     Since the system considered here is free of external forces, the angular 
momentum of the system is conserved. This reltaion can be used to eliminate the 
angular velocity component w3 from Eq. (2.21) : Solving for 0)3 from Eqs. (2.5) 
and (2.20) and putting it into Eq. (2.21), we obtain 
2H=I (1—II                          1) w2+I (1—)c.,.)2 
1I1 2I2 
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1N Qi             + 2 [ (1— —) E µi f Syiiwd~i 
I i=1 0i3 
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r
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INQi 
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I i=1 0i3 
3
               INQi 
                                     2 + 
I iI1µiiSyi'iwi3aiw0 1w
2
                                   3
                 Vi 2 2 
+ 
                     µif(W+w)0ii=1 oi2 i3 
— 22 --
              [( iE1µi  fQiSyi~ wdg.)2+ (NQi2         —I= oi3i=1µifCYi~iw3d~i) 
 30 
       N Ri2 
 +  ( E µi
f~"iW.dpi) l i=1 i2 
    1NQi2N22 
          ——[ (EµifSyiwdpi)+(Eµi r Cyiwdpi) 
M i=1oi2i=1oi2 
        N Qi 2 
            + ( E µi/ Wdpi) l 
i= 1oi3 
    2 N QiNQi 
+ — [ ( E µif i Sy3'i.* a.) ( Eµi f CYi-y3dpi) 
I i=10i3i=1o3 
                   3 
      NQiNRi              —( Eµ ifCYii*.d~i) (E µifSYiiw.d~i) lcoi1oi3i=1oi3 
        22 
         N91 a w 2 a w 2           + E Bir[ ( ?2)+(  2i3) ]d~'i 
             i=1J o n
ini 
        Nk11 2 2 aw 2aw 2 2          +E µ•f {_(2 •—~•) [ (-------ni+ ( i3) ]w°        i=1' - 0 2a"inii 
               2 2 — w co. 1 dpi                    i2
     1N Qi2N Qi2 2 — — [ ( E µif CYi~iiwd~'i) + (E µifSYi3iwd~"i) 1(4)0                                                     Ii=1 031=10i3 
 3 • 
      1N32i
2 NQiz 2 + — [ ( EµiJSy .wd~)+ ( E µ.r Cy.wd~'.)] w 
Mi=1oIi2'1'i2'°• i=1                                                                         0
                                                       (2.22) 
In this derivation, we have used the relation that the variation of w
3from a 
nominal value w° is small. 
— 23
     The system considered here is a mechanical system with a pervasive  damping  . 
It can then be concluded , by virture of the stability theorem, that the condition 
that the total Energy H is positive definite is the necessary and sufficient con-
dition for the asymptotic stability of the motion of this system. This means that 
if H is positive definite, the nominal motion is asymptotically stable and if H is 
sign variable or negative definite, the motion is unstable. 
     For H to be positive definite it is necessary and sufficient that 
                                                                                                                                                       S. 
                                                      1) I
3— I1 > 0 
          2) I
3- I2 > 0 
          3) The functional H ,H , H and H must be(2.23) 
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               positive definite with the conditions, 
aw aw 
                w = 0, w = 0, —i2 = 0,—i3 = 0 for~.= 0 
         i2 i3a~a ; 
where 
          ViQ. 
            2H
1= 
              Niµifw2dri— — (Np. J1.w)2          1=1oi2Ii=1oi2 
                                                 3 1 NQi2 N Qi 2                -[ ( E µi(SyiwO.) + ( E p.1 Cy;wdr.) I 
        M i=1 oi2i=1oi2 
(2.24.a) 
       N321 21 NQ.2           2H2= E µifw d~;— — (Eµ;f Sy;;i'i3 CRi)            i=1
oi3Ii=10 
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      1 NQi2 
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I i=1 013 
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        1 NQi 
2 - -( E µif wdr.) 
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3i 
          =E B. J( zi2)d~'i+—E µi / (Qi—~i) (—-------i 2) aicoo      =1
o 32 i=1/oa~. 
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      N Qi 2 2          — E µ
iI wd~"iWo i=1
oi2 
         +1[ (NµifQ1Syiw d~1)a+ (Nµi/~1Cyiwd~"i)2] wo  
M i=1o12i=1oi2 
(2.24.c) 
                                    2 
       NQia w 2 1 NQi 2 z a2      2H4=iE1B.f(---------2i3)d~'i+ —iE1µ J(Qi—~i ) (13)d~iW0 
o a~i2oni 
     1 NQi2 2 
I —I(itµi~Cyi~iwi3d~i) Wo 
          3 1 
          1 NQi22 
I —I(iE1µi1rSyi iwi3d~i) coo .(2.24.d) 
          3 2 
First, let us determine the sign characters of the functionals H
1and H2. 
functionals can, by means of the following device, be reduced to suitable 
to determine the sign characters of the functionals. Let the elastic deformation 
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Then, the functionals Hl and H2 become 
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          2H=(ww)--(3w)(w)--[(Sy*)(Sy*)      122I2 2 M22 
                                    3 +(Cyw
2) (Cyw2) I 
    11 
         2H= (ww) - - (Sy~) (Sy) — —(Cyrw)(Cy)       23(870,V3)30 w~w3I33 
                                                              2 1
                --(w
3) (w3)             M 
where 
                                    Qi 
         (fg) =1 fBgBdm + •E1µi rfgd~. 
On the other hand, using this notation, we can also write the total mass 
form 
N Qi          M f dm + Eµird~= (1). 
B1= 1 0 
From Eqs. (2.16), the moments of inertia I
1, I23,Iare written as 







      I
2= (Cyq•Cyp34 dm(2.30.b)                     B 
   1
3=(~)(2.30.c) 
Furthermore, from the definition of the mass center (2.10), we have 
 (Cyr)  =  0 
(Sys) = 0 .(2.31) 
                           ^ Since the body axes X 1, X2 , X3 are fixed along the principal axes of the system 
in the underformed state, 
               N Qi 
          BSyB~BCyBBdm +lElµ; fSyi~'iCyi~id,~i= (S)q"Cy0= 0 . (2.32) 
From the relations (2.31), it can be concluded that in order to show that 
H is positive definite it is sufficient to show that the functionals H , H are 
111 12 
positive definite where 
1 
           H11=2w2)-(w2)G*2) 
                                                 3 
1 
         H = (w w ) — —[ (Sy* ) (Sy* ) + (Cy* ) (Cy* ) ] .      12 2 2 M 2 22 2 
The functional H11is positive definite if the following inequality is satisfied 
(Appendix (1)) 
              1
    1 —  -) Z 0..(2.33) 
I 
                          3 For the positive definiteness of H
12 it is required that (Appendix (2))
 2
M  -_ [ (S'YSy)-(Sy Cy)  j > 0 (C
yCy)
 -  27  -
         M-[  (C7C7)—(SYS7)2] > 0 
                   (77) 
[ M — (Sy S7) ] [ M — (C7C7) ] > (S7C7)2 
From Eqs. (2.29), (2.30.c), we find that these conditions 
Then, the functional Hl turns out to be positive definite. 
      Analogous statements can be made with regard 
follows from relations (2.31), (2.32) that for H
2 to 
sufficient to show that the following functionals are 
                    1 
          H =(w w) — —(W )(W )        21 3 3 M 3 3
                           1
}             H22 = (W3) - -(S7l~'"3) (S)1*3) 
   I, 
                                   1   1  
 H
23= (w3w3) — — (C7Jpw3) (C7Jy                                                      w3) . ..^ 
2 • 
The functionals H
21, H2 2, Hz 3are positive definite if 
are satisfied : 
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           1 — —(1) > 0 
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           1— —(0),N70 > 0 . 
I 
                     2 From Eqs. (2.29), (2.30) we find that these conditions 
can be concluded that the functional H2is positive 
     It can easily be shown that the functional H3 isp 
a property of the Legendre functions which holds that 
                                   _/Q_
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                                           the following
nsare also 








 J  Q.awQ. 01(Qi2—~i2)aYi2)2d~i? 21 w 2d"1       Ji2 
Eq. (2.24.c) then becomes 
                                            2 NQiaw21Nr12. 
          2H Z E B.r (z2)dpi+—[( EµiJ 
3—i=11-a~Mi=1 
0 
N Qi2 2 
+ (EµirCyiwd~'i)]w o?0 . i=1ai2 
     We may now conclude that the conditions 
          1) I —I > 0 
                       3 
           2) I3 —I2>0 
           3) The functional H4is positive definite 
a w 
               with the conditions , w
i 3= 0, ai3 = 0 for.g-i= 0 
are necessary and sufficient for the total energy H of the system 
definite ; we can conclude that conditions (2.39) are complete 
sufficient conditions for the stability for the attitude motion for 1 
model. The condition (2.39.c) has a simple physical meaning 
the appendages, induced by gyroscopic action, result in a change 
energy storage and, on the other hand, decreases through the 
moments of inertia. The condition (2.39.c) shows that, for 
the totalenergy due to elastic vibrations of appendages must 
     Finally, let us derive a sufficient condition for stability 
We shall now define a new testing functional H given by 
          N12; a2w 2 1 N Ri 2 
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1=1 0 a2 i=1
Sy.wdr.) 
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         3 1 3 2 
(2.40). 
Recalling Schwartz's inequality, it is not difficult to show that 
        N Q.z3N2 2 Qi2
           ( E µi / Cyi~iwd~'i)S-- .E  µi C yi r wdpi       i=1a133=1 oi3                                                        (2
.41) 
       NQi23 N 2 2Q.2 
( Eµi/Syi~iw d~'i)SetE µi S yi/wd~i i=1J oi33i=1O13 
It follows, from this inequalities, that 
     H H 
4 — 4 
Then, from the condition (2.39), the total energy H of the system is positive 
definite if the following conditions are satisfied, 
     1) I
3 — I1 > 0(2.42.a) 
    2) I
3— I2> 0(2.42.b) 
           3) The least vlaue of the functional H
ais positive 
                with the conditions, w =0 ,awi3 =0 for -i=0. (2.42.c) 
i3 a 
i 
The least value of the functional H4is given by the least value of the eigenvalues 
of the eigenvalue problems defined by 
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       d~i42dpid~i 
               -`—~( µ`2C2Y'+µ'2S2y') E Gi) — µiS 4 E Gi) = 0 (2.43) 3 inin in I
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3 1 3 2 
                = 0 ; E(~'
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ai 
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ailai3
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where S24  are the eigenvalues associated with the normal modes Ei).On the 
inin 
other hand, the normal modes F qi) for the deflections of a rotating cantilever 
                                 in 
perpendicular to the spin axis are given by the following eigenvalue problems : (12) 
             d4(~•)µ.w2d 2 2 dF (~.) B
i  in  —  1 °  [ (Qi —  ) (  in 1  ) 
d~142 dpid~i 
                          4 
           — pi F (~ 
i) = 0 in in 
                                                      (2.44) dF (
g. ) = 0
, F (~) = 0 , in 1 = 0 
in 
     23 
      F 
    dF 
= Q
i; in(~)= 0 ,din(~i)- 0 
     23 
         4 
where n are eigenvalues associated with the normal modes F (~ ) . Combining 
inin 
4 
Eqs. (2.43) and (2.44) and denoting by A the lowest eigenvalue associated with 
                                     it 
the normal modes F qi), we get, from condition (2.42.c), 
in 
    422 
Aµ.0 yi-----------
+----------yi    it(2.42.c)        3),            )c ,.):>~co 3s[(I3—I1) (I3—I2)l. 
Conditions (2.42) present sufficient conditions for H to be positive definite. Hence, 
the attitude motion is asymptotically stable if the conditions (2.42) are satisfied. It 
should be noted that, by contrast with the conditions (2.39), the evaluation of 
of criteria (2.42) requires much less numerical work : The criteria (2.42) require 
only the first natural frequencies of the rotating cantilevers. 
     To develop a better understanding of the problem, a symmetrical spacecraft 
with four equal appendages is investigated (Fig.2.2). The results for the criteria 
(2.39) are expressed-in the form of a parameter chart, shown in Fig.2.3. 
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The  parameter-points in the shaded region denote unstable configurations and the 
parameter points in the unshaded region denote stable configurations. Figure 2.3 
shows that as the bending stiffness of the appendages increases the size of the in-
stability region decreases and, in the limit (B-4-00), the stability criteria reduce to 
the maximum inertia axis criteria. Hence, it can be concluded that the influence of 
flexibility of the appendages is to de stabilize some spacecraft configurations which 
are stable as rigid bodies. In the same figure, the results obtained from the conditions 
(2.42) are also shown for comparison. It should be noted that the sufficient con-
ditions (2.42) yield satisfactory results. 
2.5 Conclusions 
     Attitude stability is investigated for a freely spinning spacecraft with flexible 
appendages. The spacecraft is modeled as a rigid body having attached to it long 
flexible appendages lying in a plane normal to the spin axis. The Liapunov direct 
method is employed with the total energy of the system, constrained through the 
angular mgmentum integral, used as a Liapunov function. The approach to the 
stability problem is based on the functional analysis. 
     Necessary and sufficient conditions for the stability of the attitude motion 
are established for this spacecraft model. Furthermore, a sufficient condition is 
obtained in a simple form. This sufficient condition may have substantial utility 
in a preliminary design of this class of spacecraft because it gives a satisfactory 
result with little numerical work. The analysis reveals that the influence of 
elasticity of the appendages is to destabilize some spacecraft configurations which 
are stable as rigid bodies. 
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Appendix (1) Positive Definiteness of  H11 
      Using Schwarz's inequality, we have 
1 
    H >(w w) — — )(1) 
11 - 2 2 2 
                                      3 
where the sign of equality holds if w2 is proportional to Since the elastic 
displacement w2 is always zero in the body B and not proportional to ~, the 
of equality must be ignored 
1 
p         H
11> (*WZ) ——(J~)(Ww2) . (1), 
                                       3 From inerquality (1)1, it can be easily shown that H
11 is positive definite if 
             1 
1 — — > 0 .(2) 
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                      3 Appendix (2) Positive Definiteness of H
i 
     We define the functions 
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where  S is-Kronecker's delta. By virture of Bessel's inequality, we find that 
       1>i 
           2(Sy C7)2                                (SyW2)—(CyW2)][----------- 
        (WZW2) (S142) + (S7S7)2(5) 
(SySy)(CyCy) — (SyCy)  
(SySy) 
Since the sign of equality can also be neglected, for H12 to be positive definite, 
it is sufficient to show that the following functional H12 is positive semidefinite : 
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      H = [--------------------—](Syw)2 12(S
ySy) — (SyCy)2M2 
(CyCy) 
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              2 M 2 
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                                          2 (Sy C7) 
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                    (SyCy)2
M - [ (C7C7) ---------] > 0 
(SySy) 
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H is positive semidefinite. Then, we find that H is positive definite if in-
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Fig. 2.1 Spacecraft configuration
 X3
Fig. 2.2 Symmetrical spacecraft configuration
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Fig. 2.3 Stability regions (hatched regions are unstable)
                CHAPTER III 
 STABILITY AND PERFORMANCE OF A SPIN 
STABILIZED SPACECRAFT HAVING FLEXIBLE APPENDAGES
3.1 Introduction 
     The influence of flexible appendages on the attitude motion of a spinning 
spacecraft has been examined by many authors. In most cases, (2,3,4,5) the 
energy sink method is employed in the analysis. The basic assumption of this 
method is that the moments of inertia do not vary significantly and the angular 
momentum of the relative motion is negligible compared to the rigid body motion. 
The relative motion within a spacecraft is then idealized as an energy removal 
device and the rate of energy dissipation can be related to the change in nutational 
body motions. With this relationship an estimate of the motion of the spacecraft 
is easily obtained. Because of its analytical nature, this method gives a clear picture 
of the behavior of a freely spinning spacecraft with damping. However, this method 
is not appropriate in application to a spin stabilized spacecraft having large flexible 
appendages : Effects of flexibility of the appendages, in this case, become of prime 
importance on the attitude motion of the spacecraft, and the essential assumption 
of this method no longer holds good. 
     New approaches suitable for exploring the basic characteristics of the 
dynamics of this class of spacecraft must be developed from an analytical view-
point. In this chapter, the method of averaging is employed to accomplish this 
goal. The spacecraft is modeled as a rigid body having attached to it flexible 
appendages lying in a plane which is normal to the spin axis. 
     First, linearized equations of motion are derived for this class of spacecraft
- 38 -
rotating freely in space. The approach to the derivation of the equations of 
motion is based on  the hybrid coordinate method (31) : Motions are described 
in terms of the angular velocity of the spacecraft and modal deformation 
coordinates for the appendages. Then, these equations are solved by using an 
analytical method which utilizes the method of averaging and closed form 
approximate solutions are obtained. The damping ratio and the frequency of the 
nutational body motion are derived from the solution. Attitude stability criteria 
are also obtained from the sign properties of the damping ratio. These results are 
compared with results obtained by the digital computer eigenvalue analysis. 
3.2 Equations of Motion 
      Let us consider a spinning spacecraft composed of a heavy central rigid 
body and N light weight appendages, as shown in Fig. 3.1. We define the re-
ference axes (X , X , X) which coincide with the principal axes of the system 
1 2 3 
in the undeformed configuration. The X
3 axis is taken to be coincident with the 
spin axis. For an appendage i, we take an axis system (g-i, ii, ti) so that the 
appendage i coincides with the ~ axis when it is undeflected and the axis co-
incides with the X axis. The axes X and ~ make an angle yi. Let the angular 
3 velocity of the (X
1, X2, X323) reference frame be defined by (w ,w,w) in the 
                                                            (X1, X2, X3) reference frame. Let elastic deflections of an arbitrary point on an
appendage i, be denoted by ui and vi where ui and vi are respectively, deflections 
in and perpendicular to a plane which is normal to the spin axis. 
     In the present study, we assume that the mass center of the toal con-
figuration remains fixed at the mass center of the undeformed configuration. Then, 
the total kinetic energy T can be written in the form 
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         2 2 2 N ('uiz2        2Tk= +Izw2+13w3+ Eµ.l{(u.+vi)-2w1  i=  1,)                                                               0
[ Cyi(uivi — ViUi) — Syi~ ivi ] — 2w 2 [ Syi(uivi — 
                      V.u.)+Cy~'                            i~ii+ 2w]
3~11+ w22                                          i1(v1+C22                                                        yiui
            2 2 2 22 2 
                 +S2yi~ jui) + w 
2 (vi + S yiui - S2yiiui) + w 3 ui 
1 2 
                  + 2w w (—S2yiui— C2'yi~lui) — 2ww(Cyiuivi 
1 2 223 
                 +Syi'ivi) + 2w 
1 w 3 (Syiuivi- Cqivi)}dsi(3.1) 
where I ,I , I are the moments of inertia of the system about the X , X , X 
 12 31 2 3 
axes, respectively, µi the mass per unit length of an appendage i, dsi the arc length 
along the appendage i, Qi the total length of the appendage i, and Cyi = cosyi,...... 
.., S27 = sin 27i. 
     We shall, for the moment, confine ourselves to the problem of small changes 
in the attitude of the spacecraft. Since departures from a steady spinning state are 
small, the angular velocity components co 
1 , w 2 are small. For the same reason, 
deflections ui, vi are also small. Then the kinetic energy expression, on neglect-
ing terms of higher order than the second, becomes 
                                                                    Q.          2T=I1w12+I2wzz+I3w32+µi" 1 1(u z+v2)+2wSi 
                                  2 2122aui 2                —2wzCyi(ivi+ 2w3~iui+w3[ u1—2(Qi—~i)((a~l) 
a vi 2 
+ (------
a~) ) l —2wzw3Syi~ivi-2w1w3Cyi~ivid~i. (3.2) 
                                1 
     Attitude motions of a spinning spacecraft are affected by external forces of 
various forms. Generally, these forces are so small that it can be justified that- the 
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system is considered as moment-free for a short time period. Ignoring external 
forces, we find that the potential energy U of the system consists entirely of the 
elastic strain energy of the appendages, i.e., 
          22 
            N Qi  a ui 2 a vi2  2U  = E Bi f [ (------2) +( ---------2) ] ai (3.3) 
i= 1 o a~
ia~i 
where Bi is the bending stiffness of an appendage i. 
     The energy dissipation which results from elastic deformations of the 
appendages is represented by Rayleigh's dissipation function F, which is given by 
               xi 2 2 F =iE1µi6if [ (u+~;)]d~"i(3.4) 
where Si is the damping ratio of an appendage i. 
     In order to perform a dynamics analysis on the basis of the modal 
analysis, we represent elastic deformations by the following series : 
                                  00 
          ui=Q.EP (t)Ena) 
n=1 in 
                                                         (3.5) 
           vi=Q.ET (t)En                    (~)
n=1 in 
where En (0 are normal modes associated with a cantilever and P (t), T (t) are 
in in 
corresponding generalized coordinates. The normal modes En ) satisfy the 
differential equations 
                 4 
         dEn(n a 
     4—Xn En= 0(3.6) d
g 
and boundary conditions 
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the
 =0, En(~")=0,dEn(0=0 
d~ 
                                                         (3.7) 
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                d E
Z(~)= 0, d En(~)=0 
       d~d~ 
where X.4are the eigenvalues of the normal odes E.(0and = Q 1.In 
addition, they are normalized such that 
           1fEnQ") Em(~) d  =Sn m 
0 where S n
,m is Kronecker's delta. As shown later, the appendages are excited 
below the first natural frequencies, so that we can truncate the series expansion 
at the first mode, i.e., n=1., Substituting Eqs. (3.5) into Eqs. (3.2), (3.3), (3.4), 
truncating at n=1 and neglecting the suffix 1, we obtain 
           2T=I w2+I w2+Iw2+Eµ.Q.3(p2+T.2)~2w Sy.eT. 
           112 2 3 3 i=111 1 11 1 1 
                —26
2yieTC+ 26.)+w32 [ Pi2 — R(Pi2 + Ti2 ) 
—2w COSy.eT.-2w w eT. }(3 .8) 
2 3 1 1 1 3 
           N X4 B. 2 2 




F= ZµQS.(P. +T. )(3.10) 
i= 1 
where 
        e=J1             E = — 0.5 688 
O
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1---------i2dE 2  =~(1 —) ((~))=  1.193 
     2 ad~ 
     The Lagrangeequations of motion for the generalized coordinates Pi, Ti are 
written in the forms (32) 
aL aL aF d (-----)—(-----)_—(-----) 
        dt dP
i aPi aPi 
                                                      (3.11) 
       daLaL           ()() =(aF) 
       dtaTaT iaTl 
where Lagrangian L is given by 
L=T—U.(3.12) 
Since the coordinates w 1w2,w3are so called quasi-coordinates, the correspond- 
ing equations of motion are given by (32) 
     d. aTaTaT  
            dtaw)+w 2(aw)—w 3(aw)=N1 
    13 2 
dtaw)+w3( aw------)—w1(------aw)=N2(3.13) 
    21 3 
          dtaw)+w1(------aw)—w2(aT)=N3 
    32 1 
where N , N , N are the torque components about the X , X , X axes, 
 1 2 31 2 3 
respectively. Since external torques are neglected, it follows that 
    N = N = N = 0 .(3.14) 
      1 2 3 
Substitution of Eqs. (3.8), (3.9), (3.10), (3.14) into Eqs. (3.11), (3.13) leads to the 
linearized equations of motion as follows : 
         N 32 
Iw+(I 3—I2)wow2=—lEijjeSyi(I+woT) (3.15.a) 
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 N  32             I-(I 3-I,)w w1=Ep.k. eCyi(T+w°Ti) (3.15.b)              22                  ° i=1 
                                2 
            T.+25 +k Ti=Cyie(cot—w°w1)—Syie(c+w°w2)                         Ti 
(i=1,......, N)(3.15.c) 
        N 3 
IS+E4.kiEP = 0(3.15.d) 
3 i=1 
2          Pi +2SiPk Pi= —eS(i=1 ,......,N)(3.15.e) 
Pi 
where 
                         4 
      2 X B.2 
         k=4-------+ (a1)w° 
             Piii Q
i 
                         4 
       2 X B. 2 
        k =------4+fl 
          Ti 
In this derivation, we have assumed that 
   w = w°+ S(3.16) 
                  3 where w°is a constant spin velocity and S is a small variation. The linearized 
equations of motion fall into two uncoupled sets : the first set (Eqs. (3.15.a), 
(3.15.b), (3.15.c) ). describes nutational body motions and appendage deformations 
perpendicular to a spin plane, and the second set (Eqs. (3.15.d), (3.15.e)) 
describes the change in the spin velocity and appendage deformations in a spin 
plane. The second set is independent of nutational body motions, and so is not of 
direct interest in the present analysis. For this reason, in the remainder of this 
chapter the first set is further studied.
3.3 Analysis 
Solving Eqs. (3.15.c), we obtain
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 E  t  Ti = I[ Cyi(Www                                 2—ol)— Syi(c~l+ww                                              o2) ]2ik
Ti 
        xe dt 
                     + complex conjugate part





Substituting these expressions for Ti into Eqs. (3.15.a) (3.15.b), we obtain the 
following integro differential equations : 
                         S7t 2 
             I1W1+ (I3—I2)wow2=e2o=1.IVP,Qi3(a2+/w02)L (co1,w2,t)                    i=1dtit 
                                                        (3.18) 
C7~2 
                    2 Nv, 3 d 2              I
2cv2—(I3—I1)wowl=e',.ZµQi(2+w)L (co,w, t) . 1=1dtit12 
     Equations (3.18) suggest to us the applicability of the method of 
averaging (36) to this problem. The first step in the procedure is to transform Eqs. (3.18) 
into a form suitable for application of the method of averaging.. We shall introduce a 
new variable a by the following transformation : 
gat -i«t\ 
w 
1 = col (ae +a*e ) 
                                                       (3.19) 
w=--icy—(aeiat— a* e-iat) 
       2 2 
where 
        I I 
           a —wo[(3—1)(s-1)]2 
I I 
        1 2 
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 1  I , 1
(I 1           W —( 3— 1)2 , W2 3 1)2 , 1 
I II I 
      1 2 2 1 
a* is a complex conjugate of a. It may be noted that the following 
condition for stability is deduced from the condition that & is real : 
I I 
( s— 1) ( — 1) > 0 . 
I I 
     1 2 
The equations (3.17), on substitution of Eqs. (3.19), become 
               etiat* *-iat iat         Ti = ------I[ f ae +f a e +f ae 
        2i1clili2i 
                   Ti
                    * .*(—Si)(t-t),               +f
a ] eTidt + complex conjugate part 
                 2i 
                = EL (a, a*, t) 
it 
where 
f = Cyi(GJ2cc—w0c3) — iS7i((.3&—W0W2)              li 
f = — S'yiw —iCyiw2 . 
21 
Substituting this expression and Eqs. (3.19) into Eqs. (3.18), we find 
           1 3 2 Sy. iCy. d2 2 
           a = — E µi521 e (-------1 — --------1 ) (-2 + (,Jo)
2 i=1I w I w dt 
                        1 1 2 2 
* -iat 
               xL (a, a , t)e .. 
it 
The next step is to expand the variable a in the power series of €2. 
that 
                  co






      (3.22) 
We assume
(3.23.a)
 cc 2n (n)  * 
a= E e G  (a,a  )  . 
n=1 
On substituting Eqs. (3.23) into Eq. (3.21) and carrying out the integration 
                                                                                    2 parts, the function L (a, a*, t) is expressed as the power series in E: 
it 
           L =-------1(h.faeiat*•                           hf a*e )
it2ik' 
                    Ti
                     2 (1) iCYt r * (1)* -iat 
^  E  [ (hi f2iG..ae —hif2i G e ) a               2ik 
                      Ti 
                                 (1) iat * * (1)* -iat 
                       —(gifliG - e —gi fli G e ) ] 
a 
                             2
                E(1)it(1)S•(t'— t)iat' 
------- [ fliF_(Fte'esink(t—t)dt 
      a .Ti 
                     Ti 
+ f* F(1)F(1) *eS(t't)atat                  * t sink (t - t)dt~ li atTi
+f2iF(1yt 





   e sink (t —t)dt 
          Ti 
Si(t'—t) -ia t' 
     esink (t —t)dt 













S.+(k —a) Si 1 Ti
S. 1 
22 
+ (k +a) 
Ti
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 (kTi  —  «) (k + a) 
              Ti  
h = 22 +22 
           i2 S
.+(k —a) S.+(k +a) 
      TiTi 
       6.aS.2                    — (k —)2St— (k +c)z 
      TiTi    g
'=2—2            11[ 6.t+(kTi—«)2][ S.t+ (Ti+«)2] 
              26.(k —a)26.(k +a)         1Ti1Ti 
        2 +2            gi2 2
+(k —a)2] [S.2 +(k +a)2   [Si] 
TiTi 
Substituting Eq. (3.24) into Eq. (3.22) and equating the terms of the 
    2 of e , we obtain a series of equations as follows : 
          G(1)+F(1)F(1) 
       a a t 
                                2 2 
                 1 N3Syi iCyi (w0 — a ) 
              _ —2
i='A11s(I w I co)(2ik)----------------- (filia 
1 
                   1 1 2 2 Ti 
                       * *„ *-2icat)                 —f hi a e 
li 
           G(2)+ F(2).(2)
       aa             Ft
           (1)(1) 
_ —(G(1)  aFaFt(1)+G(1)* aFaF(1)) 
a asaaa* t 
                              2 2 
              1 N 3 Syi iCyi (coo —a ) (1) 
-- E AA(---- — -----) [-----------------(f h.G 
2 i=111I coICo(2ik ) 2i1 a 
                 1 1 2 2 Ti 
                           22 
                —f*h*G(1)* )*e—(w0—a)(g.fG(1) 
           2i'a(2ik )111 a • 




               -gi*f*G(1)*e2iat) +------ a(f h.G(1)+f* h.*G(1)* -2ic&t 1~akli' a li  ' a 
                                       Ti 
           13 Sy.iCy. 12 a2
(------- 
2i=1Ic.~Iwkat 
                      1 12 2 Ti 
                      (1)t (1)6.(t'—t)i&t', 
              [f F(Fte'esink(t—t)dt• 
                               a 
   hJTi 
                + f *F(1)*-tF(1)*e5.(t'-t)eiatsink (t-t)dt' 
      li aJtTi 
               +f F(1)tF(1)eSi(t'—t)eiatsink(t,—t)dt~        2iaftTi 
                    * (1)*t(1)*S.(t'—t)-iat 
             + f FFee sink (t - t) dt]. 
2i atTi 
It is noted that there are two unknowns, G(n)and F(n)
aFt(n), in a single 
                                              equation of the each order approximation. Hence, some additional conditions
needed. The crucial point of the method of averaging consists in the effective 
of an averaging operation to this end. In the present analysis, the following 
averaging operation may suitably be chosen : 
_* 1 T * (ID (a,a )=lim J~(a,a ,t)dt 
T~00To 
where f ( a, a*, t) is any function of a, a * and t. With this choice, the n-th 
order equation is, then, divided into two as follows : 
             (n)    G = RHS(3.27.a) 
      F
aFt(n)= RHS - RHS(3.27.b)             
Eqs. (3.27.b) are the first order differential equations, some additional conditions 
are necessary. These conditions we take to be
                                                                           are 
                                                                            use
— 49 —
           F(n)F=.(n)0   t 3.28)           
a 
     Application of this procedure to Eq. (3.25.a) leads to the following first 
order equations 
            G(1)=         N II.(h  +  ih)a(3.29.a) 
          a i=1111i2 
          (1)•(1 )_ —EH .f1-2iat *          F (h —ih ) e a(3.29.b)         at
i=1 1 f it i2 
1i 
where 
µ.Q.3 *2 f fwI 1 1
li ii O 3 II
i= 4k a 
                       Ti 
Integrating Eq. (3.29.b) with the condition (3.28), we obtain 
(1) (1) 1f *-2iat *        FF = EII .li(h — ih ) e a . (3.30) 
         at Zia i=1 1 f it i2 
li 
Combination of Eq. (3.23.b) and Eq. (3.29.a) leads to the first order equation for 
a in the form 
       • 2 N 
      a= e E H.(h + ih )a .(3.31) 
                 i=11iti2 
Equation (3.31) is easily solved to obtain 
                 2 N
                  eEII.(h + h)t 
a=aoi=1iti2(3.32) 
where ao is an initial value of a . Substituting this expression into Eqs. (3.19), 
we have the first order solutions for wtandco
2: 
2N 
e E fI.h tNN 
                 =2 
     1z 
ww 
                  a0ei=1ittcos(cr +e E IIih)t 
     1i= 1 i2 
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 2N 
e E 11.h t                                    2 N 
          w =2(.-0a0 i=1itsin(&+eERih)t.(3.33) 
   22i= 1 i2 
Then, the formulae for the first ordre damping ratio S * and the first order 
frequency al of nutational body motions are given as follows : 
S =—e2E 11.h(3.34) 
       1 i=1 it 
«= «+e2 E [I.h(3.35) 
        1i=1 1 i2 
It should be noted that the first order damping ratio (3.34) is the same as that 
obtained using the energy sink method (Appendix). Stability requires that the 
damping ratio be positive : 
S  Z 0 .(3.36) 
The combination of the condition (3.20) and (3.36), as predicted by the energy sink 
method, requires that for the stability of the attitude motion the spin axis be the 
axis of maximum moment of inertia (the maximum inertia axis criterion). 
     We next proceed to the second order approximation. The equations for 
 ( 2( 2
and FFt2 Gcan be found in a manner similar to the first order 
aa 
approximation. For the function G(2), we obtain the equation 
a 
           (2      G =  iI . II . (I' h. h. — h. g.) a(3 .37) 
a i,j=1 11 ii 1 J J1 
where 
2if *flj (f f * — f *f )                         li2i lj 2i lj  
r
ii (w2 —a2) + (2«f f *) + (f f M) 
          01i lj li lj 
—51 —
Hence, the second 
      a =
order equation 
 2  N
[e n.h.+e 
i=1 1 1
We obtain from Eq. 
body motions in the 
           5* = —
                  2
for a is 
2 N 
i,j=1
(3.38) the second 
form 
2 N4 
e E n.h +e 





















+h h )—r (h h —h h )+(h g—h g ) ] (3.39) 
j2 it ijl jl it j2 i2jl 11 j2 i2 
where F is a real part of r and ris an imaginery part of r . The analytical 
ijlijij 2ij 
stability criteria deduced from Eq. (3.39) give the result : 
5 * Z 0 implies stability 
2 
                                                        (3.40) 
5 
2< 0 implies instability . 
The condition (3.40) yields closed form stability criteria involving the properties 
of the flexible appendages such as the length and the mass of the appendages and 
the natural frequencies of the appendages. 
     As an example, a symmetrical spacecraft composed of a central rigid body 
and four equal appendages is investigated (Fig.3.2). First, the damping ratio and the 
frequency of the nutational body motion are calculated for the cases in which 
the system parameters are given as follows : 
I — IµR3 
           Case 1 :3  = 0.020, -------= 0.030 
II 
                     6 
---------- = 0.1 
k 
                         Ti
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                                                       3 
 I  -  IµQ 
          Case 2 :3---------- = 0.10,-------- = 0.14 
II 
S --------- = 0 .1 . 
k 
                        Ti
Figures (3.3.a), (3.3.b) show the damping ratio calculated from the formulae (3.34), 
(3.39). In Figs. (3.4.a), (3.4.b) are plotted the curves of the nutational frequency 
by means of the formula (3.35). In the same figures, some numerical results 
obtained from Eqs. (3.15) by the eigenvalue analysis are shown for comparison. 
The first order damping ratio, which is the same as the result obtained by the 
energy sink method, is considerably different from the numerically computed 
solution. On the other hand, the second order damping ratio is rather close to 
the result obtained by the numerical computation. Next, the stability criterion 
(3.40) is checked for a number of critical cases against results obtained from 
Eqs. (3.15) by the digital computer eigenvalue analysis. Results presented in 
Fig. (3.5) show that good agreement is found.
3.4 Conclusions 
     On the basis of linearized equations of motion, the attitude motion of 
a freely spinning spacecraft with flexible appendages are discussed using an 
analytical method which utilizes the method of averaging. The damping ratio and 
the frequency of nutational body motions are obtained. It is shown that the 
damping ratio calculated as the first order solution of the present method is the 
same as the result obtained by the energy sink method. The second order 
damping ratio shows in good agreement with the numerically computed solution
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over a  range  of parameter values, for which the corresponding result obtained by 
the energy sink method is not accurate. Analytical stability criteria are deduced 
from the sign properties of the damping ratio. From the first order solution, the 
maximum inertia axis criterion, as predicted by the energy sink method, is obtained. 
From the second order solution, the stability condition involving the properties of 
flexible appendages is established. The results for this criterion are found to be in 
good agreement with the results obtained by the eigenvalue analysis. 
APPENDIX 
     Here, we shall derive the damping ratio, Eq. (3.34), for nutational body 
motions on the basis of the energy sink method. 
     The first step in this procedure is the determination of the motion of the 
spacecraft under the assumption that the spacecraft is rigid. The equations of 
motion for such a system can be obtained by specializing Eqs. (3.15.a), (3.15.b) 
by setting Ti = 0 : 
            I c., +(I —I )wow=0 
       1 1 3 22 
(1) 
I cw —(I —I )ww=0. 
        2 2 3 1O1 
A solution to Eqs. (1) becomes 
            w= —acssin at 
      11 
                                                (2) 
            w = acw con at 
     22 
where 
        1 I 1 
                               2 
           w=(--1)        1 I I 
          1 2 
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 1  I  1 
             CJ  = ----- (  3  -  1)2
2                   
2I 
   11 
           a=[(—1)(-2— 1) I/wo . 
I I 
       1 2 
     The second step is to determine the motion of the appendages under 
assumption that the motion of the appendages has a negligible ffect on the 
of the spacecraft. Equations which govern the motions of the appendages can 
developed by substituting Eqs. (2) into Eqs. (3.15.c) 
            T.+2S.T'i+k2Ti=Cyie(woCo—COa)a sin at 
Ti11 2 
                              —Syie (w0WZ—CJ1 a) a cos at . 
(i=1,......N) 
A steady state solution of Eq. (-3) is found to be 
Cyiea 
           Ti = --------(coo Col —w2 a) (h sin at — h cos at)      2ki2it 
                   Ti
Syiea 
--------(cooco'2—wla) (h cos at+h sin at)      2ki2it 
                   Ti 
where 
SiSi 
   h = ------------------— ------------------ 
il S
it+(k —a)2S.2+(k +a)z 
      TiTi 
             (k — a)(k +a) 
       Ti Ti               h
it_                 S
i2+(k —a)2+S.2+(k +a)2 
      TiTi 
                                  1
           k =(k2 —5 )2 







     The third step in the procedure is to compute the rate at which the energy is 
dissipated in the appendages. The energy E dissipated per cycle is given by 
 27r 
N 3 «2 
E = 2Eµi12.Si'Tidt 
        i=1 0 
Substituting Eq. (4) into Eq. (5), we find 
    2 3 
e 1T N µiQi h2 
E = ------E ------it [CMG-)0w_l—«W2)              2 i=1 k 
                           Ti 
               + [ Syi(w0co-2 —«w) ]2a2 . 
27r 
The average rate of the energy dissipation K (which is defined by K=—E/ — ) is 
                                                                         a given(by the use of Eq. (6)) 
                                    3 
                               µ.Q. h        K =-e2«1-----------it[n2yi(w0w«w )2+ 
i=1 4k12 
                            Ti 
                                 S2y(w0CJ— «CJ
1)22                                  ]a. 
                                          The final step is to relate the energy disipation rate to changes in the 
attitude motion. This is done as follows : the spacecraft is treated as rigid, in 
which case the kinetic energy for this idealized system is 
       222 
           2T=Ico+I w +I w 
           1 1 2 2 3 3 
and the square of the system angular momentum about its center of mass is 
             Q2 =I2w2+I2w2+I22                             w. 








Differentiating Eqs. (8), (9) with respect o time, we obtain 
 T=Iw cw+Iw w+Iw w 
             1 1 1 2 2 2 3 3 3 
          220I
ww+Iw+I      =COw0) w 
           1 1 1 2 2 2 3 3 3 
Elimination of w
30)3between Eqs. (10) leads to 
II 
=I (1 — )6) co +I (1 — --)W
2.         1
I1 1 2I22 
    33 
If the effect of the energy disipation mechanism is taken into account, we can 
assume that the amplitude of the nutational body motion, a, is a slowly varying 
function of time. Then, we find, from Eqs. (2), the time derivatives of CO and 
w as follows : 
  2 w = —aw sinat — acv «cos«t 
    111 
w = aco cos «t — acv « sin at . 
    222 
Substitution of Eqs. (12) into Eq. (11) leads to 
I 
t= I (1 — 1) ( acv sin «t + aw « cos «t) aw sin «t 
   1111 
                               3 
                 I 
            +I
2(1 —?) ( ac,2cos«t — aw2«sin «t) awecos«t 
                               3 Averaging over the period 27r , we obtain the rate of the change of the system 
kinetic energy : 
              2
             (I 11) 
2 .• 2 ,. 2 
I =w w as. 
1 2 
                       3 







leading to a  differential equation for a, 
      2 23 
e                          µ               3w0lv1Q1--------- C2 
 a—2 
                                                 + 
—-------ECy
i(wowlCrw2)              ai=14k 
                               Ti
2
yi (w. wz— aco1)2         S]a . 
The damping ratio for nutational body motions is given by 
2 23 
        *e 13w0NµiQi 2
a2         S=3 ECC yi(wow—w) 
        ai=1 4k12 
                              Ti 
     22                               ( 





Fig. 3.1 Spacecraft configuration
 X3
Fig. 3.2 Symmetrical spacecraft configuration
(3.34)
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Fig. 3.5 Stability regions (hatched regions are unstable)
                      CHAPTER IV 
     NUTATION DAMPING OF A SPINNING SPACECRAFT HAVING 
FLEXIBLE APPENDAGES DUE TO A NONLINEAR INTERNAL RESONANCE 
4.1 Introduction 
     The attitude of a spacecraft spinning in the absence of external forces is 
not a constant when energy dissipation takes place. Elastic vibrations of flexible 
appendages, induced by gyroscopic action, also result in a disipation of energy 
and a change in the attitude of a spacecraft. There have been many studies of the 
effect of vibrations of appendages on the attitude motion of a spacecraft, but these 
studies were confined to the case where appendages are excited at nonresonance 
conditions. 
      Interesting phenomena take place when appendages are excited at near 
resonance conditions. In this chapter, we shall investigate heavy damping 
characteristics of nutational body motions of a freely spinning spacecraft with 
flexible appendages due to a certain nonlinear internal resonance between 
vibrations of the appendages and nutational body motions. A spinning spacecraft 
composed of a central rigid body and flexible appendages normal to the spin axis 
is considered. Vibrations of the flexible appendages perpendicular to the spin axis 
are induced by the nutational body motion through the second order terms of the 
angular velocity of the spacecraft. The appendage vibrations, which are usually 
small, build up to larger values when the frequencies of the appendages are nearly 
equal to twice the nutational frequency of the spacecraft. As a result, a large 
energy transfer takes place between the appendage vibrations and the nutational 
body motion, and the disipation of energy derived from it results in a large 
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damping of nutational body motions. The method of averaging is used to obtain 
an analytical expression for the damping of the nutational body motion and the 
accuracy of this expression is confirmed by digital computer simulations.
4.2 Equations of motion 
      Consider a symmetrical spacecraft composed of a heavy rigid central body 
and four equal mutually-orthogonal flexible appendages, as shown in Fig. 4.1. 
Let the reference axes (X I, X2, X3) be assigned to the spacecraft in such a way 
that the X
3axis coincides with the spin axis, and the X1and X2axes are co- 
incident with the appendages when the appendages are undeformed. 
     For an appendage i, an axis system   ni, ti) is defined such that 
axis coincides with the spin axis, and the ~ axis coincides with the appendage i 
in the undeformed state. Hence, if we denote an angle between the axes X
1 and 
7T 
  by yi, it follows that yi = 2(i — 1) (i=1,..., 4). Let the angular velocity of the 
(X, X, X) axes be given by (w ,w ,w )in the (X,X,X)reference 
1 2 31 2 31 2 3 
frame. 
     The mass center of the total configuration is assumed to be fixed at the 
origin of the axis system (X
I , X2, X3). When the vibrations of the appendages in 
a spin plane are excited at near resonance conditions, the out of plane vibrations 
of the appendages are excited at nonresonance conditions. However, since 
vibrations of appendages perpendicular to the spin plane do not have the essential 
influence on the phenomena discussed here, we neglect, in this analysis, the vibrations 
of the appendages perpendicular to the spin plane. Then, the total kinetic energy
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T can be written in the form 
         2 2 2 4r1 2 
          2T=I(w +w )+I w + µJ[u.+2w 
 
1  2  3 3 1=1 I3 i 1 
                                                                0 
                  2 2 
         +w
3U.-2w1w2C2y..ui]ds.(4.1) 
where I and I
3are the moments of inertia of the total system about X1(or X2), 
X axes, respectively, ui an elastic deformation of an appendage i in the spin 
3 plane, p the mass per unit length of the appendages, Q the length of the 
appendages, dsi the arc length along the appendage i, C2yi = cos2yi. We shall 
consider here the change in the attitude of .the spacecraft undergoing small de-
formations of the appendages. Hence, Equations of motion can be linearized in 
the deformation coordinates for the appendages, but the angular velocity components 
ponents of the spacecraft are unrestricted. The kinetic energy expression, then 
becomes 
        2 22 41 2           2T=I(w+w)+I w Eµ Z[u +2w.u. 
                                         i11 
                                                            au.
7                 — 2wco
2C2yiiui+ w32(u12— — (Q2—Ji2) (1)2Jd~.(4.2)          2 a 
      We shall ignore external forces in this analysis. The potential energy U then 
consists entirely of the elastic strain energy of the appendages, i.e., 
                                         2 4 1 a u 2 2U =EB`(  2i) d~i(4.3) 
i= 1 ° a~
i 
where B is the bending stiffness of the appendages. 
      The energy dissipation which results from elastic deformations of the 
appendages is represented by Rayleigh's dissipation function F, which is given by 
         4 JQ2 
    F = E µ6 ui d(i(4.4) 
i=1 
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where  S is the damping ratio of the appendages. 
     We expand the deflections ui in terms of functions En ( ) 
, t) = Q E P (t)En )(4.5) 
n=1 in 
where P (t) are modal deformation coordinates which are functions of time. The 
        in 
functions En ) are normal modes associated with a cantilever, which satisfy the 
following boundary value problems 
       d4E - 4
„4n xn En =0 
d~ 
              dEn(~)= 0(4 .6)            (=0, Ena)=0, 
            =d2EZ(J)= 0,d3EnQ*)= 0 –1 '/ 
where Xn are the eigenvalues of thenormal modes EnG) and _ —' _ In addition, 
Q they are normalized such that 
I End) Ern (0 =S n, m 
where S is Kronecker's delta. In the following, the appendages are assumed to 
         n ,m 
be excited near or below the first natural frequency, so that a reasonable 
approximation to the dynamical behavior of the spacecraft is provided by a 
reduced system of equations of motion obtained. by truncating the series at the 
first mode, i.e., n=1. Equations (4.2), (4.3), (4.4), on substituting Eq. (4.5), trun-






On the other 
coordinates,
   2T=I(w
12+w2)+I3w32+EµQ3[Pi2+2wiepi i=1 
         22        —2w co C27.0;( 1—R)P. 
      2 11g1 
       4 BX42 
2U = E P. 
i=1 Q1 
     4 3 .2 
  F=EµQPi 
i= 1 
1 
  e = J Ea )d= —0.5688 
0 
 1 12 
   = _
/(1 —2)(dE(~)   a)a= 1.193 2 o d~ 
 the coordinates P. (t) are generalized coordinates, the Lagrange 
r them take the forms (32) 
  d (aI~
+( aF)—( 3L)_0 
  dt aPi aPi aPi 
Lagrangian L is given by 
L=T—U. 
Ler hand, since the coordinates w1,  w 2, 6)3  are so called quasi-
 the corresponding equations for them take the forms (32) 
daaaT 
   t(-)+w2( w)CO3—()=N1 daaaw 
 13 2 
  dtaw)+6)3(aw) — 1aw)=N2 






       d
( aT )+(aT)—(aT)_N(4.11)      dta
w1 aw2 aw3 
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where N ,N , N are external torque- components about X , X , X axes, 
 12 31 2 3 
respectively. Since external torques are ignored here, it follows that 
   N =N =N =0.(4.12) 
       1 2 3 
Substituting Eqs. (4.7), (4.8), (4.9), (4.12) into Eqs. (4.10), (4.11), we find the 
equations of motion as follows : 
           Iw+(I — 1)wco+eµQ3 E[—C2y.(P.w +P.w ) 
       1 33 21=11 1 2 1 2 
          +c,,
2P.+C2yiw1w3P.1=0(4.13.a) 
3 4 Iw — (I —1)w w + eµQ E [—C2y.(P.w + P. ) 
        2 3 3 1 i=11 1 1 1 1 
—co P.— C2y.w2w3P.]= 0(4.13.b) 
I       w0+ eµQ3EP.=0(4.13.c) 
         3 3i= 1 1 
4 
A B2 
PI+28Pi+[ 4 +(R-1)w3]P.+eC2yiww2 =0. 
(i=1,....., 4)(4.13.d) 
     The attitude motion of this class of spacecraft may be classified into two 
modes : the first mode, which describes deflections of the appendages induced by 
nutational body motions, and the second mode, which describes nutational body 
motions, induced by deflections of the appendages. Since the second mode has no 
practical importance, only the first mode of the motion is investigated in the 
present analysis. Hence, without loss of generality, the initial conditions are taken 
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to be













                                                         (4.15) 
w =w . 
 30/ 
Equations of motion, on substitution of Eqs. (4.15) and introduction of a new 
variable 




Iw + (I — I)w w = eµk3 (Pw +Pc:.) —w w P)(4.17.a) 
        3O 22 2 O 1 
                                            3 
          Ico — (I —I)ww= e/1(Pw + Pc, + w w P)(4.17.b) 
     2 30 1 1 1 O 2 
                              2 
P +26P+k P=-4eww 2(4.17.c) 
where 
4 
      2 X B2 
k = a+((3-1)wo. 
µQ 
     First, let us treat these equations on the basis of the method of analysis 
devised in chapter III. We write the variables CO
I  , 0./2  in the forms
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 i&t  *  -i&t 
w =w(ae +a e ) 
iat * -iat 
         2= -iw (ae -a e )/ 
where a* is a complex conjugate of a, 
I 
a = (—s -1 ).                         WO 
Substitution of Eqs. (4.18) into Eqs. (4.17) leads to 
                         3 
          a=( eµQ  ) [ iwa*P+iwa*P+(a-w o)wa*            Iw 
                          22 2 2iat * -2iat           P+26P+kP =4iew (a e -a e ) . 
Integrating Eq. (4.19.b), we find 
              e it22iat*22i&t(ik- 
          P= ----- (44(:)2(aa-aa)ep 
            2ikP ) 
               + complexconjugate part 
               = EL (a, a*, t) 
it 
where 
               2 2 1 
kP = (k - S )z 
Substituting this expression for P into Eq. (4.19.a), we 
differential equation 
               2 3 
         a =(eµQ ){iwa* 
dtLir(a, a*, t)            Iw t 
+ [iwa*+ (a-w 0)wa*] L (a, a*, t) e it 














Let us expand the variable a in the form 
                    00 2n (n) _*  (n) 
a=a+ E e F (a,a  )Ft (t) 
n=1 a 
            a=EenG(n)(a, a*) . 
   n=1 a / 
On substituting Eq. (4.22) and integrating by parts, the function L (a, a 
it 
2 
t) is expressed as the power series of e in the form 
                              2w „2 i2at *„*2 -i2CYt L(
a,a,t)=( )[hae +ha e 
itk 
                              2 + O (e ) 
where 
          h = h+ ih 
          i2 
   h= 8— ---------------- 6                2
+(2«-1)2S2+(2a+k )z  S 
P 
h=----------------(k+(k+ 2&) 
            2 2(2« —k)2S2+(2«+k)2   S+ 
Substituting this and Eqs. (4.22) into Eq. (4.21) and equating like powers 
we obtain a series of equations as follows : 
                                           3 „2 
      (1) (1) • (1) 241/*z       G +FF
t=(----------) [—(a+wo)a a h    aaIk 
*,*3 -4iat 
+(3a— wo) h a e 
Application of a similar procedure devised in chapter III to Eq. (4.24.a) 




    2 




 a  =  a 
    22µQ3 .2(4.25) 
                   w 
                                                                *.z 
         a=—(------------)(a+w)ha a . 
Ikp 
Let us seek a solution in the form 
   a = rei 0(4.26) 
From Eqs. (4.18), the quantity r is found to be proportional to the amplitudes 
of the angular velocity components w1,w2. Furthermore, the quantity r is 
proportional t  theamplitude of the nutational body motion, Jo) 2+ c,, 2 
                                          1 2o 
Substituting Eq.(4.26) in Eqs. (4.25), we obtain for r and OH the equations 
2 3 „2 
r = —(2e µQ w) (a+ w o) hi r3(4.27.a) 
Ik 
             2e2µQ3w2) («+wo)h2r2•(4.27.b) —( Ik 
On the other hand, the initial conditions (4.14) become 
1                 
t = 0, r—,HQ.= 0 .(4.27.c) 
     =
                  2 Solving Eq. (4.27.a) with the conditions (4.27.c), we have, in a straightforward 
manner, the first order approximation of r in the form 
1 
r =2 32(4.28) 
              4 +4e µQw(a+wo)hlt]2• 
                   Ik
The further approximations can be calculated in precisely the same manner. It 
may be noted that the first order solution (4.28) of this method is, as mentioned 
in chapter 111, also - obtained by the energy sink method. 
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     A criterion for the validity of this method can be set up by using 
Eqs. (4.27) : This method is applicable if the right hand sides of Eqs. (4.27) are 
small. Inaccuracy may arise if the so called resonance conditions are satisfied  : 
 S(k~~2                P-2«)
<0[ (--------) 7 ] .(4.29) 
kP kPkP 
When the conditions (4.29) are satisfied, a large nonlinear energy transfer takes 
place between the vibrations of the appendages and nutational body motions, 
which results in a beating .between the two -modes. As a result, the basic 
assumption of this method, that the amplitude of the nutational body motion 
is a slowly varying function of time, no longer holds. 
     Let us now consider in more detail the case where the resonance 
conditions are satisfied. We start _afresh from Eqs. (4.17) and seek a solution in the 
the form 
                      ik t/2 * -ik t/2 
w = w(ae P + a e p ) 
              CO = —ico(ae~`Pt/2—a*e"ikpt/2
  2)(4.30) 
ik t * -ik t 
P=ce P +c e P 
with the additional condition 
            ceP+ ceP 
   lkt*ikt =0 ./ (4.31) 
Equations of motion (4.17), on substitution of Eqs. (3.30), (3.31), are reduced to 
                                             3 
           a= —i0 (a—a*eikPt) + (FµQ ) [ — (kP + wo) a*c 
I 2 
              3 * * -2ik t * * -2ik t +(2k Po)a c e P +ia(c+c e P)] 
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2 The variables a and c are slow varying functions since a, c^-O (e), so that the 
method of averating ( 35) can be successfully applied to achieve an approximate 
solution of Eqs. (4.32). Let us expand the variables a, c in the power series of e 
as follows : 
               00(n) ..*_* 
a= a+EenF (a, a , c, c , t) 
n=1 a 
00 (n)** 
           c=c+E enF (a,a ,Cc,t) 
n=1c 
                                                        (4.33) 
         a=EG (n)(a,a*,c,c*) 
n=1 a 
           •°° (n) * . ,.* = E G (a ,a ,c,c ). 
n=1 c 
Substituting Eqs. (4.33) into Eqs. (4.32), taking into account the relations 
         k(k2a)G0[( 
                                        ew 
                              )2] 
  P PP 
and equating the terms of the same order, we get 
(1) aF(1) IQ3e kp 
eG +e  =—(------)[(—+wo)a c 
a at I 2 
                   3* * -2ik t                 —(2k
P—w0) a c e Pl(4.34.a) 
                    (1)
            eG(1)+eaFc_(2ew) [ a2—a*2-2ikPt 
          at kP
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                       (2) 
           E2G(2)+ e2aFa = — e2(G(I) a+ G(1)*  a+G(1) a 
 aata-x                    asaasa
C 
                       +G(1)*  a)F(1)—iDa+iAa*eikpt 
       aca. 
3 2 
— (µQe )(kp+w
o) (a F(1)+ cF(I)*)         I 2C a 
3 2 
                       + (µk E )(3kp—w o)(a*F(1)*+c*F(1)*)e        I 2ca 
                 3 2(1)* 
+ i (µQ e) (G(1)*+aFa ) (c+c*e2ikpt ) 
I a at 
           2 (2) 2 aF(2) 2 (1) a
+ G(1)* a+ G(1) a      e G +e c =—E (G—
*—        C
ata as a asC aC 
+G{1)* a *)F(1)—S (c—c*e2ikpt) 
c aC C 
                                 42w2                                e  (1) _* (1)* -2ik t 
+(
k)(aFa—a Fae p ). 
P Application of the method of averaging to Eqs. (4.34.a), (4.34.b) leads to the 
following second order equations for a and c 
             *„2 „* 2 „2..* 
            a=—eaa c—iza+ie aacc +ie a a a 
 o 12 




           ao =(µk)(—2+ WO) 
         I 2 
            a _ —(µQ)2(kp +coo)z,1 
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                           3
          a2= ( µQ ) (w2)(3kp—wo) 
          I kp 2 
2 CO 
(3o = 2— 
              k 
                           3 13 = 2 (µQ) (CO2)(3kP—w0) 1 I k
P 2 
We seek a solution in the form 
i (O _ t) 
              a= re 
                                           (4.36) 
iP 
c = qe i 
where r is proportional to the amplitude of the angular velocity components w , 
w2(and is also proportional to the amplitude of the nutational body motion) , 
q is proportional to the amplitude of the vibrations of the appendages. Equations 
(4.35), then, take the forms 
     = — eao rq cosX(4.37.a) 
q = 6130r2 cos X— 5 q(4.37.b) 
            2 2 2 
       O=eaog sin X+e (alq +a2r)(4.37.c) 
2 r =eROr sin A +e2R1r2(4.37.d) 
where 
X=2 0 —2At—F 
and the initial conditions (4.14) become
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                    1 t=0, r=2,q=0 
                                                        (4.38) 
H0.=0, p=0. 
     In what follows, we shall discuss the damping characteristics of nutational 
body motions due to a nonlinear internal resonance on the basis of the averaged 
equations (4.37) and the initial conditions (4.38). First, let us assume S = 0.Then, 
Eqs. (4.37) become 
r= — ea °rgcosX(4.39.a) 
2 
    q = ego r cos X(4.39.b) 
OH=ea°q sin X+e2(alg2+a2r2)(4.39.c) 
         = eR°r22 sin X + e~ ,r .(4.39.d) 
Using Eqs. (4.39.a), (4.39.b), we 'obtain, upon integration, 
222 
e(30 r + ea° q = e(3° r° (4.40) 
                                          2 where the constant of integration r° is proportional to the total energy of the 
system. On the other hand, using Eqs. (4.39.a), (4.39.c), (4.39.d) we derive the 
following differential relation 
                                 2 
        r222 2 
           [e(2a°q—------°) sin X+e (2aq +2a2r—(31r ) 
                   q 
                                                        (4.41) 
—2O] dr +ea
°rq cos X d X = 0 . 
Integrating Eq. (4.41) with conditions (4.38), we obtain 
             (Q°r°2—a°g2)gsinX—~e2alg4+Oq2   e= 0.(4.42) 
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Then, using Eqs. 
                                  - where Q 







4.39.b), (4.40), (4.42) we obtain 
        dQ
the differential
 )r2 ± 21Q(e2goro2—a0Q)2— [ —0 +aQ ]2) 2 ll2 
   c expression under the radical in the integrand 
approximately by 
       0 
    2 W 
       A(1— A) 
    2
A        A (1+W) 
       (4kp)2
a0 
     :Zr02(ai)(A> 0) 
                     a0 
       2 2          e 0_1-0 +4)2 (W > 0) .       ( 4k
Pao 
LevaluesofQ1 ,QZ------ are of the order 0 [ (k2                               ) ] and 
        Q2 Q3 
nt solution corresponds to the range Q0 < Q < Q1, the                —— 
approximated by the following cubic expression : 
          (Q — Q1) (Q — Q2) • 
educes to 
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relation
of Eq.






Equation (4.45) can be integrated directly by means of elliptic integrals and 
a solution is given in the form 
             r2= r2 [  l  — K sn2«At K( 0 
                                 K2 
                                                        (4.46) 
        2 2 (3 2a At 




           K =1— —
               A 
The least period of the functions r and q is given by 
2K 2K (K 
J =--------------(4.47) 
a° A 
where K (K) is the complete elliptic integral of the first kind 
Tr dp 
K(K)= 2 ------------------------ 
° (1 — K2sine p )2 
     We next proceed to an approximate solution of Eqs. (4.37) valid for finite 
values of the parameter S . By making S finite, we can expect that the total 
energy of the system decreases slowly as time increases : The quantity r° becomes 
slowly varying function of time. Combination of Eqs. (4.37.a) and (4.37.b) 
leads to 
at[ r2+(,—°) q2]_ —25 (-°)q2•(4.48) 
    00 
Substituting Eqs. (4.46) into Eq. (4.48) and taking into account the fact that r° 
is a slowly varying function of time, we obtain the following equation : 
           dr         ° —S r
°K sn2(a°At,K )(4.49)            dt
K 
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Since the  pax_ameter S is small, applying the method of averaging once more to 
Eq. (4.49) , we can obtain an approximate solution of ro . Application of the 
method of averaging to Eq. (4.49) gives the first order equation for r
o : 
           r = r 
0 0 
                                                        (4.50) 
               S o E(K ) 
where E(.K) is the complete elliptic integral of the second kind 
7r 
          E( K)=j 2(1—K2sin2p)2dp. 
                                                                 eW 2      N
eglecting small terms as compared with those of the order 0 [ (-------) ] , 
we obtain a solution in the form 
                  1 -S*t ro=2e(4.51) 
where 
           S* =5-(1—E(K)) 
           KK(K`) 
w 
K = 1 — 
               A 
2                  a
04kPa0 
It must be remarked that an amplitude of nutational body motions decays 
exponentially on the average due to the nonlinear internal resonance between the 
vibrations of the appendages and nutational body motions. This solution is valid 
so long as the quantity ro decreases gradually over time interval of the period




         (1/5W) 
This condition means that 
J S.K(K 
                              EcwK(K) << 1 . 
         (1/5*)«0AK i 
In a resonance case, this condition is always fulfilled since 
             lim K(K)=0 [2n(1 — K") ]. 
K-÷ 1-0 
     Typical curves of the amplitude of the angular velocity component w 
I are 
shown in Figs. (4.2), (4.3). In the same figures, numerical solutions of Eqs. (4.17) 
are also shown to check the results. In Fig. 3.2 is shown the amplitude of w 
with the time t as a parameter by means of the formula, (4.28) for a typical 
nonresonance case . where the system parameters are given as follows : 
                                      3 a = 1.0 = 0.67 kP —2« = —0.0025 
Ik
P 
ew 8               = 0.057 = 0.050 . 
kk   PP 
Figure 3.2 shows that in a nonresonance case Eq. (4.28) is a good approximate 
solution for the amplitude of w . In Fig. 3.3.a is shown the amplitude of (.0 
for a resonance case where system parameters are given as follows : 




             = — 0.057 —= 0.0017 . 
   kPkP 
An envelope of a long period motion of the amplitude of co obtained by 
means of the formula (4.51) is in good agreement with a numerically computed 
solution. Figure 4.3.b shows an amplitude ofcofor large 0, i.e.,kP—2a = 0.332 
                                                       1 (nonresonance case) ; all other parameters are the same as in Fig. 4.3.a. It can be 
concluded from Figs. 4.3 that the amplitude of co decays very rapidly due to the 
resonance between the vibrations of the appendages and nutational body motions. 
4.4 Conclusions 
     The heavy damping characteristics of nutational body motions due to the 
nonlinear internal resonance between the vibrations of the appendages and 
nutational body motions are investigated analytically on the basis of the method 
of averaging. The analysis shows a marked increase of resonant over nonresonant 
cases in nutation damping : The amplitude of nutational body motions decays 
very rapidly due to a resonance between the vibrations of the appendages and 
nutational body motions. Moreover, the nutational body motion is shown to 
decay exponentially on the average due to the nonlinear internal resonance.
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Fig. 4.1 Spacecraft configuration
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                       CHAPTER V 
       THERMALLY INDUCED  NUTATIONAL BODY MOTION 
   OF A SPINNING SPACECRAFT HAVING FLEXIBLE APPENDAGES 
5.1 Introduction 
     Current trends in the development of spacecraft show an increasing reliance 
on large, highly flexible appendages as antennas or solar arrays. For this class of 
spacecraft, it is possible that the flexible appendages can interact unfavorably with 
the environment and this interaction leads to large attitude errors. In fact, recent 
flight data have shown much anomalous behavior due to flexibility of appendages.(17) 
     The objective of this chapter is to predict that a class of spinning space-
craft with flexible appendages may exhibit an anomalous behavior, a steady nutational 
body motion which is caused by an interaction of flexible appendages with solar 
radiation. The problem to be analyzed is as follows : A spinning spacecraft which has 
flexible appendages is considered (Fig. 5.1). The appendages are assumed to lie in 
a plane normal to the spin axis. Solar radiation is assumed normal to the spin axis. 
When this class of spacecraft is exposed to solar radiation, vibrations of the appendages 
in a spin plane are induced at a spin frequency by solar heating. These vibrations cause 
a periodic variation of the moments of inertia of the spacecraft. Usually, the influence 
of this variation of the moments of inertia upon nutational body motions is small. 
However, if the spin velocity is approximately equal to twice the frequency of the 
nutational body motion ( this means that the ratio of the spin moment of inertia to 
the transverse moment of inertia is nearly equal to 3/2 for the vehicle in its unde-
formed shape) the amplitude of the nutational body motion builds up to larger 
values through the instrumentality of nonlinear parametric excitation. The method of 
— 90 —
averaging is applied to this problem to obtain the amplitude of the nutational body 
motion analytically, and the stability of the motion is examined in detail. 
5.2 Equations of Motion 
     Consider a symmetrical spinning spacecraft composed of a heavy central rigid 
body and light-weight flexible appendages (Fig. 5.1). The reference axes  (X,  , X2 , 
X3) are assumed to be parallel to the principal axes of the undeformed total con-
figuration (X3 axis coincides with the spin axis) and have the origin at the mass 
center of the undeformed total configuration. For an appendage i, an axis system 
Gimp ) is defined so that the appendage is coincident with the ~ axis at the 
undeflected condition, and the axis coincides with the spin axis. Let the angle of 
rotation from (X1, X2 , X3) to (~ ii,) be yi and let the angular velocity of the (X1 , 
X2 , X3) axes have the components (co  , w 
2 , w 3 ) in the (X, , X2 , X3) reference 
frame. 
     In the present study, the mass center is assumed to remain fixed at the 
origin of the axis system (X, , X2 , X3 ). As mentioned above, thermally induced 
vibrations of the appendages in the spin plane cause a nutational body motion of the 
spacecraft. The nutational body motion, on the other hand, induces out of plane 
vibrations of the appendages. The out of plane vibrations can interact with the 
nutational body motion, but, in what follows, we shall neglect the out of plane 
vibrations for the sake of simplicity. This simplification does not alter the 
essential features of the phenomena discussed herein. Furthermore, we shall, for 
the moment, confine ourselves to the case where the effect of solar heating is 
so small that the induced vibrations of the appendages are small.
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Then, the total kinetic energy T takes the form,
        2T = I(w2+ w22) +I3w32+pllQ'1Ui2+ 2w3 ii                                    i= 1Ol
           + S27.co
12~iui— S 2y. w22~Iu1+co2[ u12 
 3 
                                        2
          —z(Q2—2) (aii) l — 2C2yiw1w~uid~i(5.1) 
where I and I3 are the moments of inertia of the undeformed total configuration 
about X1 (or X2), X3 axes, respectively, ui a deflection of an appendage i, Qi the 
length of the appendage i and S2yi = sin 2yi, C27i = cos 2yi. 
     The elastic potential energy U which arises from the strain energy due to the 
appendage deformations i given by 
                             2 
       NQi a ui 
2U= EBiO( 21)d~i 
i=1a~(5 .2) 
where Bi is the bending stiffness of an appendage i.
     The energy dissipation which results from elastic deformations of the ap-
pendages is represented by Rayleigh's dissipation function F, which is given by 
N /Qi 2 
       F =
1E1pJuid 
                                                        (5.3) 
where 5i is the damping ratio for an appendage i. 
     We shall represent the elastic deformations ui by the following series : 
u(~,t)=Qi EPin(t)En (0 
n=1 
                                                        (5.4)
where En a) are normal modes associated with a cantilever and Pin are the corres-
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ponding generalized coordinates. The
d4En( 3) 
     4 
 d~ 
 =  0, 
= 1,
     4 
— x
n En(  = 0 




d En( dE n 
2 = 3 
d~ d~






where X. are the eigenvalues of the normal modes E
n () and - =  i  . Q
i 
In addition, they are normalized such that 
/1 En (i) Em(i)d Sn m 
0
(5.6)
where onis Kronecker's delta. In ,m 
in which the appendages are excited 
deflections, u can be approximated
this study, attention will be paid 
near the first resonance frequency. 





ui( ~, t) = Qi Pi i(t)E ,  (i )
(5.4)
Substituting Eq. (5.4).' into Eqs. (5.1), (5.2), (5.3) and neglecting the 
obtain 
     2T = I (w2+ w2) + I co2+NµiQi3[Pi2+2e co3P 
        1 23 3 i= 1 
                                          2          +S2'yiewiPi—S2yiew2Pi+(1—Q )w2Pi2 








 N X Bi 2 2U= EP . 




E =~iE(i)di =-0.5688 
     o 
          2 dE (~)   =4/(1—~)(-----------)2d=1.193, 
 od~
      Since the coordinates w 
1, w2,w3are so-called 
ponding equations of motion are (32) 
     dt(aw-----)+w2(a~ )—(,J3  )=N1 
132 
       dt(aw)+w3(aw------)—w1'aw)=N2 
   213 
      dt(aw------)+w1(aw)—w2(SW )=N3 
   321 
where N1, N2 , N3 are the external torque components 
respectively. The Lagrange equations of motion for the 
the form(32) 















where the Lagrangian L is given by L=T - U,  Qi are the generalized forces arising 
from external sources. The attitude motion of the spacecraft is affected by external 
torques and forces of various forms. The present chapter considers nutational body 
motions induced by solar heating, so that other external torques and forces are 
neglected. 
      Solar heating produces a temperature difference across an appendage. The 
temperature distribution induces a thermal strain along the appendage length. Etkin 
and Hughes (18) state that, on the assumption that solar radiation is normal to the 
spin axis, the steady periodic . thermal bending moment with the spin frequency at 
any section of an appendage i approximated by 
      M. 1 = 0 
           = 
 Mi
l0(5.12) 
      M.=foi cos (T+Ti) 
where M , M , M are the components of the thermal bending moment about 
it i2 i3 
ni, ti axes, respectively, foi is a constant, Ti= To + yi (To is a constant phase lag), 
   dr 
and (Tit- = w
3. 
The work done by the thermal bending moment in an arbitrary displacement Sui 
takes the form 
                Q2 
SW=iEl0cos (r +Ti)1(a(S21)) d~.(5.13) 
        0  Upon substitution of Eq. (5.4)' into Eq. (5.13) and neglecting the suffix1, we 
find 
    SW=Efoicos(T+Ti)E2(1)SPi.(5.14) 
l Then, the generalized forces Qi arising from the effect of solar heating are obtained 
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from Eqs.  (-5.L4) as 
Qi = foi cos (T+ Ti)EQ1)  
                                                     (5.15) 
On the other hand, the action of the solar radiation pressure produces torques on 
the spacecraft. The torques, however, are so small that we neglect the torques in 
the following analysis. 
Hence, it holds that 
N, = 0 
 N2 = 0(5.16) 
N3 = 0 
Substituting Eqs. (5.7), (5.8), (5.9), (5.15), (5.16) into Eqs. (5.10), (5.11), we 
obtain a system of equations of motion as follows : 
                                 3 
      031                       NaW2=—EEµl~~i       [P.Pi-f'S21,i(Pic.~
l+Pcoi)                     i=1I 
—C2 7i (Piw
2+ Piw2) + C2yiww3Pi + S2yiw2co3Pi I 
                                        3 
                N EµiQi  
      2—awl=EI[w1Pi+C2yi( Picol+Piwi) i=1 
              +S2yi(P w2+ Pico2)— S2yiw3                  wPi(5.17) 
                                           + C27iwwP.                         231 
                          3 
                Ne µ.Q. 
=—E  1 1 Pi 
3i=1 I 
3
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     .P
i  +2SiP+ki2Pi=—ecw+,f)--(s27.6)12 — 2C2                            3yiw  w  z 
                      —S2y.w2)+oiE(1)                      i2COS (T + Ti) 
4 T= w 3 
where 
                                      4 
    (3—)2_XBi2 a=1w3,ki=--------+((3-1)w3 
I4 
We introduce a new complex variable a as follows : 
iT/2 * -ir/2 
   w =(ae +a e ) 
it/2 * -ir/2 
w 2=—i(ae —a e ) 
where a* is a complex conjugate of a. Substituting Eqs. (5.18) 
we have 
coN µ.Q.3 =i(aa + e E  i i (2iaP 
        2i=1 2I 
         +2ia*Pei2yie-ir—w3 aPieeiT+2ia*Pe12yieiT) 
3
           Nw 
=—eE -------iQi' 
3 i=1P 
                      3 22 -i2y. iT *2 i27.-iT 
    p+26iP+ki Pi=—ew3+ie(a  1 e —a -e le) 
oiE(1) 
4 (ei(T+Ti)+e-i(T+Ti)) '2µiQi 
T = co . 
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     Since we suppose that the effect of solar heating is 
duced vibrations of the appendages are small, we can write 
 Pi=ePi 
foi=ef 
                     of 
Substituting these into Eqs. (5.19), we obtain 
3 
                                  Nµ.2.         a=i(
a— w3) a+eaE  11  (2iaP.          21 =1 21 
               * -127. _iT* -i2y-iT# -i2y-iT          +2i










                2  N  µ.Q.  • 
      w3 =E  z  1  1  P 
i=1 I 
3            
'2 ^2 -i27. iT *2 i2y• -iT 
                    w        Pi+2SiPi+ki Pi=- 3+i (a e'e —a a'e ) 
                   OiE`1)/e1i(T+T.) -i(T+T.1) +q+e) 2
µiQi( 
T = CO 
                 3
Let us assume that the spin velocity of the spacecraft is approximately 
twice the angular velocity of the nutational body motion, i.e., 
        2a = w . 
                   3 This condition means that 









Then, we can conclude from Eqs. (5.21) that the variables (a,  w ) are slowly 
3 varying functions because (a, w 3) 0 ( e ), while the variables (Pi T) vary 
relatively rapidly. Hence, approximate solutions of Eqs. (5.21) can be obtained by the 
method of averaging applied to a system containing both slow and rapid motions. 
     Briefly, the method of averaging applied to a system with rapid and slow motions
is as follows : (37) Let us write such system in the following form : 
=EX(x,y,t,e)(5. 23. a) 
    = Y(x, y, t, e )(5.23.b) 
where x = (x ,.............., xn ), X = (X ............., Xn) and y = (y ............., ym) 
Y = (Y ..................., Ym) are n-and m- dimensional vector functions, respectively. 
The variables xi are slowly varying since xi ti e, while the variables yi are rapidly 
varying since yi . 1. Together with the system (5.23) we shall also consider the 
degenerate system : 
  x = const(5.24.b) 
y = Yo(x, y, t) = Y (x, y, t, 0)(5.24.b) 
When a solution is given by the form 
0 
        x = x+ E en Un (x, y, t,) 
n=1 
                                                     (5.25) 
y=y+ E e' Vn(x,y,t,) 
n=1 
where Ui, Vi are n- and m- dimensional vector functions, respectively, the 
equation of the first approximation to x is obtained in the form 
)7=  eX0 (x)(5 .26)
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              1       X0= lim ---- f  X(x, (x, t), t, 0) dt 
T 
                             0 where "(x , t) is an integral curve of the system (5.24.b). The solution 
(5.26) is expected to approximate, with an error e, to the solution of 
system (5.23.a) on an interval t-e-1. 
5.3 The approximate Solutions and Their Stability 
     The method as outlined above can be applied to Eqs. (5.21) to 
the first approximate solutions. Equations corresponding to Eqs. (5.24) 
by 
a = 
C = c.) 
3 3 
                  22 427 iT
~c2i2'y-iT 
P1 +2SP+kP1= i (a e -'e —ae 'e ) 
f.E(1) 
+---------4 ( eI+e 1) 
2µi1 
           = W3 
               4 
  2XBl2 
where k 1 =-------4 + (fi — 1) w . 
3 µi21 
From Eq. (5.28.d) 
T = W t.                    3 
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The  steady--state solutions of Eqs. (5.28.c) are given by 
           2 -i2y, iW t i(c7) t+ r.) 
        is e 'e 3 oiE (1) e 3 1  
     Pi 2 _  2 + 4 2_2 
            1.                 +2i6.W3—W32µ.Qiki+21,5.W3— W3 
            + complex conjugate part. 
Substituting Eqs. (5.29), (5.30) into Eqs. (5.21.a), (5.21.b) 
Eq. (5.27), we obtain an averaged system of equations as 
                32 * 
                 W32 Nµ1Q13i(,J3a a 
      a=i(a— -----)a —eE ------ 
               2i=1 2I ki2+2iSiw—w2 
                               3 3 
f oiE(1) 363 a*ei37i 
+------------3 
      4 _ 22 
          2µi21 k +2iSiw-w 
                                     3 
      w = 0 
             3 where 
           1
3        6
C-=  (-- 1)w. . 
I 3 
Eq. (5.31.b) yields 
W3 Wo' 
From this equation, Eq. (5.29) becomes 
          r = coot. 
Putting 
a=(x+iy)Wo 
and introducing a new independent variable 











we obtain from Eq. (5.31.a) 
 x'  =  X(x,  y) 
                                                       (5.35) 
Y' = Y(x, y) 
where 
                                             z 
        X(x,y) = ho y +h
lrx +hliy+ r(h2rx — h21y) 
        Y(x,y)=—h ox+hx—hy+ r2 (hy+hx)              1ilr2r 2i 
           1 a 
ho = (---f-) 
              2 coo 
                 22 
               2NfoiE(1) (kio—wo) C3T2+2,8iw0S32i  h = — e lri=1 4QI2                      i(k2 —w) +(25w) 
                 to010 
          ,2 
                 2 N oiE(1) (kio—wo2)S3Ti-2Sic,OoC3Ti 
   h=— e E2222         lii=1 4Q
iI(kio —co. ) +(2siwo) 
                                       3 .2 
              2 N 31-LiQi wo25iwo    h
21=— e E2 22 2 i=1 
21(kio —co ) + (2siwo) 
      h2 N3pi.Qi3wo(kio2—woe) 
    2i=— e E -------------2 222 
i=1 21(k
io —coo ) +(2siwo) 
4
    IX B. 
         a =(3— 1)wo, kio2=4-------+(Q-1)wo2, r2= x2+y2 
   I141 
The primes denote the differentiation with respect to T. It may be noted, from 
Eqs. (5.18). (5.34), the quantity r is proportional to the amplitude of a nutational 
body motion, 1co2+w/coo. /wo. By the use of the method of 
          1 2 
averaging, the system of Eqs. (5.21) has been reduced to the system of Eqs. (5.35). 
This system of equations is that of two ordinary differential equations of the 
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first order, so that we can successfully apply the topological method to obtain 
the over-all views of the motion. 
      Let us now consider in more detail the steady state where the quantities 
x and y in Eqs. (5.35) are constant  : 
 X(x,y)=0 
(5.36) 
Y(x, Y) = 0 
Substitution of these conditions 
/into Eqs. (5.35) leads to the determination of the 
steady state amplitude ofo(=~/x °2+yo2 ) as follows : 
            2 
  r0= 0(5 .37.a) 
      2hh. 
        °_22i2 ±r(oh .)2+(h+h+h—h)x(h+h) ]2        r
li2o22.2     (h +h )12r 2i             2r 2i 
                                                         (5.37.b) 
and the components x., yo of the amplitude r° are 
          2 
      2 _ 0  






  O2 
1+(P) 
where 
                        2 P=h +rh 
lr0 2r 
                              z
         Q=ho+h
ii—roh 2i • 
As an example, a symmetrical spacecraft having three equal appendages is in-
vestigated. The appendages make an angle of 120° with each other. Figure 5.2 
                                                  2 shows the relationship between h° and ro in the case where h = 0.110, 
Ir 
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 h =  0.441,  h = 1.51, h= —3.77 
1i2r2i 
     Then, let us investigate the stability of the steady state solutions (5.35). 
To establish necessary and sufficient conditions for the stability of these solutions, 
we must construct the variational equations about these solutions. The variational 
coordinates are characterized by the symbols 5x and S y. From Eqs. (5.35) we 
obtain the variational equations as follows : 







a= ( ) = h
lr+r022i0                                  h2r+2hxo2— 2xy0h2i a 
x=x 
                             0 y=y0 
ax 
         a2= (-----) = (h0+h li) — r02h2i— 2h2. y02+ 2x0y0h2r a y x=x0 
y=yo 
3 
        b =(—)=(—h0 +h.)+r2h .+2h2i2+2x y h      1
axx=x0uO2121oo o 2r 
y=y0 
b2 =(a-----Y2                 )= —hlr+ r02hir+ 2h2ry0+ 2x0y0h2i 
a y x=x0 
Y=Y0 
The characteristic equation of the system defined by Eq. (5.39) is 
X — (a +b)X+(ab —ab)=0(5.40) 
1 21 2 2 1 
First, we shall consider the stability of the solution (5.37.a). The characteristic 
equation corresponding to this solution becomes 
2 2 +h h
i2— hoe)   — (h=0(5.41)       1r 
As the stability criterion, the roots of the characteristic equation must not have 
a positive real part, we -have 
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    2 2  2 
   h + h —ho 5 0 .(5 .42)       it1i 
If the condition (5.42) is saitsfied, the characteristic roots are purely imaginary. 
Since the condition that the characteristic roots are purely imaginary is not 
sufficient for the stability  of the solution, the stability condition must be ex-
amined in more detail from the consideration of the type of the singularity at 
the origin of the system of Eq. (5.35), which is correlated with the solution 
(5.37.a). By virture of the procedure due to Poincare (38) it is clarified that 
       if h < 0, the singularity is a stable focus, 
                2r 
       if h > 0, the singularity is an unstable focus, 
                2r 
       if h = 0, the singularity is a center. 
                2r 
The stability conditions are, therefore, set up as follows : 
 h < 0(5.43.a) 
             2r 
    h2+ h2— ho 2 < 0.(5.43.b) 
it 1 
Next, we shall consider the stability of the solution (5.37.b). The characteristic 
equation corresponding to this solution is given by 
         A2— 4h
2rro2X + 4r02[ h2r2ro2—(ho—ro2h2i)h2iI = 0.(5.44) 
Then, the stability condition is derived by the Routh-Hurwitz criterion : 
  h < 0(5.45.a) 
2r 
     (h2+ h2) ro2— ho h2 i > 0.(5.45.b) 
       2r 21 
It may be noted that the conditions (5.43.a), (5.45.a) are always fullfilled, since 
we are concerned with a damped mechanical system. Let the stability conditions (5.43.b), 
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(5.45.b) be represented in Fig. 5.2. In Fig. 5.2, the dashed parts of the response 
curves are unstable and the solid lines of the response curves are stable. These 
peculiar conditions for stability of nonlinear external resonance cause the 
appearance of the so-called jumping phenomenon  (38,39) In fig. 5.2, with in-
creasing ho , it is observed that the nutational body motion starts abruptly with 
a finite amplitude for ho = ho1 and decreases moothly for ho > ho  . On the 
contrary, for decreasing ho it is observed that the phenomenon is different; 
namely, for ho = ho  the nutational body motion does not disappear and it 
jumps down and disappears at ho = h02: 
5.4 Domains of attraction 
     We shall here investigate the relationship between the initial conditions 
and the resulting steady state solutions of a system governed by Eqs. (5.35). For 
this purpose it is useful to investigate the intregral curves of the following 
equation derived from Eqs. (5.35), i.e., 
       dy  Y(x, y)  
  dx X(x, y) .(5.46) 
A singular point, for which X(x, y) = 0 and Y (x, y) = 0, corresponds to a 
steady state solution of Eqs. (5.35). Let us trace the integral curves for certain 
typical cases on the x, y plane. The special case considered here are characterized 
by the following values of the system parameters :
Case 1 : ho= —0.25, hli=0.110,hi.—0.0441,h21= —1.51, h21= —3.77                                   1
Case 2 : ho = 0.0 
With the aid of the numerical integration of Eq. (5.46), the integral curves for 
these cases are drawn in Fig. 5.3.a and 5.3.b, respectively. The singularities 
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in Fig. 5. 3. a and 5. 3. b are listed in Table 5.1. The integral curve which tends to 
a saddle point with increasing the time t is a separatrix which divides the coordi-
nate plane into two regions, where any initial condition results in passage to a 
particular class of steady state solutions. From these figures the relationship 
between initial conditions and the resulting steady state solutions is easy to 
understand  : In Fig. 5.3.b, a nutational body motion started with any initial 
conditions in the shaded region tends ultimately to the singularity of point 2, 
whereas a nutational body motion started from the unshaded region tends to the 
singularity of point 1. 
      Finally, let us investigate conservative systems. Although these systems are 
somewhat unrealistic, the characteristics of the integral curves are interesting. 
Putting Si = 0 in Eqs. (5.35), we obtain 
   dy = Y, (x, y)(5 .47)         dx X
°(x, y) 
where 
                                              z 
        X°(x,Y)=h°y+h rx+hliy—r yh21
                                                z
Y° (x, y) _ —h° x + hlx— hl ry + r xhz 
from which we obtain 
X° (x, y)dy — Y° (x, y) dx = 0. 
Since from Eqs. (5.48) 
aX° aye ----- + _ 0, ax a
y 
Eq. (5.47) becomes an exact differential equation, and the complete integral is 
2
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where c is a  -constant of integration. The integral curves of Eq. (5.49) are readily 
obtained by plotting Eq. (5.51). Figure 5.4 shows the integral curves of Eq. (5.49), 
where the system parameter values are given by ho = —0.25, h= 0.128,                        l r
h
i.= 0.0, h = 0.0, h = —4.37. It is noted that, in a conservative system, 12r 2i 
each integral curve forms a closed trajectory and does not tend to a stable 
singularity. This means that the amplitude of the nutational body motion exhibits 
slowly periodic changes. 
5.5 Conclusions 
     It has been demonstrated that a spacecraft with flexible appendages may 
exhibit thermally induced nutational body motions, as illustrated in Fig. 5.2. The 
amplitude of the nutational body motion is determined analytically and the stability 
of the motion is examined in detail. 
      This phenomenon is considered an external resonance pehnomenon of a 
nonlinear mechanical system with several degrees of freedom. In the preceeding 
work, the use of the method of averaging is seen to reduce the fundamental 
equations to a system of two ordinary nonlinear differential equations of the first 
order, so that the general nature of the mechanical system is easily obtained.
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Table 5.1 Singular Points in  Figs.  5.  3.  a  and 5.3.b
Singular point  xo Yo a Classification
Fig. 5. 3. a
1 0 0 ±i0.221 Stable focus
2 0.259 —0.0909 —0.228± i 0.198
3 —0.259 0.0909
4 0.186 0.0653 —0.117±0.246 Saddle
5 —0.186 —0.0653
Fig. 5. 3. b
1 0.121 —0.121 —0.883±i 0.220 Stable focus
2 —0.121 0.121
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Fig. 5.4 Integral  curves of Eq. (5.49) in the xy plane
                   APPENDIX 
      KINETIC ENERGY AND ANGULAR MOMENTUM 
EXPRESSIONS OF A SPACECRAFT WITH HAVING FLEXIBLE APPENDAGES
     Let us consider a spacecraft composed of a central rigid body B and 
flexible appendages  Ai as shown in Fig.A.1. As illustrated in Fig.A.1, P 
designates the mass center of the total configuration; 0 is selected so as to be 
coincident with P when the vehicle is in some nominally undeformed confi-
guration; N designates the point in inertia space occupied at the time t=0 by the 
point P. Define the position vectors relating the points P, 0 and N as follows: x 
is the vector from N to the point P, c is the vector from P to the point O. 
Let us denote by P a vector from 0 to an element of mass dm in B. Let us 
denote by ri a position vector relative to the point 0 of an element of mass 
dmi in Ai in the nominally undeformed state and by wi an elastic displacement 
vector of the element dmi. Orthogonal unit vectors b, b2, b3 are fixed along the 
principal axes of the system in the undeformed configuration. For an appendage i, 
an orthonormal set a a , a is defined so that the principal axes of a body -i1 ' -i2 -i3 
Ai in the undeformed state are assumed parallel to the ai set. The two vector 
bases are related by the direction cosine matrix Ci, i.e., 
[ ail = Ci [ 13](A.1) 
where 
[ ai] = a[bllb     il 
ab2 
                        i2 
   abs - i3
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     The system kinetic energy T is given by 
 2T=f (x+c+P)(X+c+i?)dm 
 B 
           +E J (*+c+r.+wi)(X+c+wi)dmi(A.2) i=1 A
i-- 
wheredm and J dmi denote that the integrations are carried out over the 
B A. 
body B and an appendage Ai, respectively. The dot over a vector denotes the time 
differentiation of that vector with respect to an inertia frame. The mass center 
definition requires that 
J (c + P) dm +E 5 (c+ri+wi)dmi=0(A.3)                i=1.A 
                                            i or
       Mc = — [I P dm +E I (ri+ wi) dm](A.3), 
                  i=1e— 
where M is the total mass of the vehicle. From the definition of the point 0, it 
follows that 
                N P dm +Efridm. = 0. 
i=1A . 
i Hence, Eq. (A.3) reduces to 
                  N" Mc = — E fwi dmi .(A.3) 
                    i=1A
i 
By virture of the definition of the mass center given by Eq. (A.3), the kinetic 
energy of the system can be written as 
2T = Mx  — Mc_c_ +I dm 
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          +E  1 (f.+W.) (.+ W.dmi .(A .4) 
                         i=1 A
i 
The first term in Eq. (A.4) is the kinetic energy of the translational motion of the 
mass center of the system. This will be ignored in what follows because it will be 
assumed that the motion of the mass center is not affected by the motion 
relative to the mass center. Now, denote by w the inertia angular velocity vector 
of the vector basis [ b ] . Then, the inertia space time derivative a ( a is any 
vector) is given by 
a= a+wxa-(A.5) 
where a implies the time differentiation of the vector a with respect to the vector basis 
[ b ] . Using Eq. (A.5), Eq.(A.4) reduces to 
2T= —MCC +26(wxc)+(wxc)(wxc) 
+.1(wXP)(wXP)dm+ ITJj-i-i B——i=1 Al 
              +2wi[c.,x(ri+wi)}+[wx(wi+ri)I[wx(wi+ri)]}dmi. (A.6  
      Let us write the system kinetic energy in matrix notation. For this 
purpose, a 3 by 1 matrix a is defined for any vector a in terms of the vector 
basis [ 13]  so that 
       a=[b]Ta, a=[a 1,a2,a3]T(A.7) 
where the superscript T denotes the transpose of a vector array or a matrix. 
Furthermore, for a vector a, a 3 by 3 skew-symmetric matrix a is constructed 
according to the following rule 
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 a  = 0 —a a 
          3 2 
    a
30 — a(A.8) 
     —aa 0
     2 1 
Then, the kinetic energy of the system is written in matrix notation with respect 
to the vector basis [ 1)]  as follows : 
         2T=wTIow+EIwTwi2(wTwiwTri)w 
i=1 .Ail 
+0)T [ (r;+ Wi)T(r;+Wi)l w            A.(A.9) 
—M (CTC — 26T C + wT T Cw) 
where I. is the inertia matrix of the total vehicle about 0 in the undeformed 
configuration. The matrix Iois diagonalsinceb,b,b are assumed parallel to                                                  -1- 2 -3 
the principal axes of the undeformed total configuration, i.e., 
     Io=I
10 0 
0 I 0 
                                       2 0 0 I 
                                                  3 i 
The matrices co, c, wi, ri may be written in expanded forms as 
            w=[ w,,w]T 
            12 3 
C = [ C, C, C 
                  123 ]T (A .10) 
            ri= [r,r ,r 1T 
it i2 i3 
            W=[w ,w,w ]T           1it i2 i3 
Then, by expanding the matrices, the system kinetic energy T is written as 
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     222 N2
22       2T=I w +I w+I w +E(w+w
+w )          1 1 2 2 3 3 i=1 iA 11 i2 i3 
                                                       1 
          —2w
1(W w —W w +1,7vr —Wr) — 2w(w w —W w            i2 i3 i3 i2 i2 i3 i3 i22                                                      i3
it it i3 
+w r— Wr) -20 .) (ww——w r ) 
i3 it1ii31i2~w                                   i2i1+ ~r iti2 i2 i1 
       ,2 
                3[  [(w +r )+(w +r )2—(w +r )(w +r ) i3 i3 i2 i2 i2 i2 it it 
                       —(w+r ) (w +r ) (w +
r )2+(w + r ) 
                              ii 2                      i ii i2 i2 i3 i3it it 
-(w +r )(w +r ) —(w +r )(w +r ) 
                               N 
                     ii ii i3 i3i2 i2 i3 i3 
-(w +r )(w +r it it i3 13w1l}mi 
        - (w +r ) (w +r                )
        i3 i3 i2 i2 2 
      (w +r )2)w                   +(w +r2 
        i2 12 it il3 
/. 
       2 2 2 
[ (C —M1+2+C3w                            )-21(C2C3—C3C2)-2w2(C3C1—CIC3) 
        —2w (c c —c c ) 
            3 1 2 2 1 
/2 2N /
^ 
     +[www] C+c—CC —C Cw J .       123321 2 3 11 
                         2 2 
—C CC +C —C Cw 
1 21 32 32 
                                                             2 —c c—c c c+c2w
3(A.11) 
1 32 3 2 1 
^/ N i 
The system angular momentum L is given by 
    L=JB(c+,o)x(c+,o)dm+EJ(c+ri+wi)x(c+rl+wl)dmi.    1=1A-- 
                                                   1 _(A.12) 
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By using the -mass center definition, Eq.  (A.12) reduces to 
          L= —Mcxc+rkPdm+E((ri+wi)x(i.+wi)dm           JBi=1JA—— 
Substitution of Eq. (A.5) into Eq. (A.13) leads to 
           L=Mcxc+M(wxc)xc+rPx(wxP)dm       - --
B— 
             +(w+r)xW.+(wi+ri)x[cox(wi+ri)] dmi 
i=1 A
iNii 
The matrix representation of L with respect to the vector basis [ b ] is 
          L=[b]TMcc+Mc w+Ico+Er[w.w. 
         t°i=1)A1 1 
                                                                         1 +riwi+(wiT+rir)(Wi+ri)w ] dmi. 
By using (A.10), Eq. (A.15) is written in the form
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Fig. A.1 Flexible spacecraft configuration
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